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Abstract

We develop a phenomenological mean—field theory describing the hidden-—-order phase in URu»Sis
as a nematic of the 1, representation staggered along the c= axis. Several experimental features are
reproduced by this theory: the topology of the temperature-pressure phase diagram, the response
of the elastic modulus (C; — C'2)/2 above the transition at ambient pressure, and orthorhombic
symmetry breaking in the high-pressure antiferromagnetic phase. In this scenario, hidden order
is characterized by broken rotational symmetry that is modulated along the c= axis, the primary
order of the high-pressure phase is an unmodulated nematic, and the triple point joining those two

phases with the high-temperature paramagnetic phase is a Lifshitz point.
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I. INTRODUCTION

URu,Si, is a paradigmatic example of a material with an ordered state whose broken
symmetry remains unknown. This state, known as hidden order (#6HO), sets the stage for
unconventional superconductivity that emerges at even lower temperatures. At sufficiently
large hydrostatic pressures, both superconductivity and #6HO give way to local moment
antiferromagnetism (armMAFM)- [1]. Modern theories [2-19] propose associating any of a
variety of broken symmetries with #6HO. Motivated by the anomalous temperature depen-
dence of one of the elastic moduli, this work analyzes a family of phenomenological models
with order parameters of general symmetry that couple linearly to strain. Of these, only one
is compatible with two experimental observations: first, the B, “nematic” elastic suscep-
tibility (C'; — C42)/2 softens anomalously from room temperature down to Tho = 17.5 K
[20], and second, a B;, nematic distortion is observed by x-ray scattering under sufficient

pressure to destroy the #oHO state: [21].

Recent resonant ultrasound spectroscopy (RHSLIJS) measurements were used to examine
the thermodynamic discontinuities in the elastic moduli at 7o~ [22]. The observation of
discontinuities only in compressional, or A, elastic moduli requires that the point-group
representation of #6HO be one-dimensional. This rules out many order parameter candi-
dates [11-15, 19, 23] in a model-independent way- but does n’ot differentiate between those

that remain.

Recent x-ray experiments discovered rotational symmetry breaking in URu,Si, under
pressure: [21]. Above 0.13-0.5 GPa (depending on temperature), URu,Si, undergoes a By,
nematic distortion, which might be related to the anomalous softening of the 5, elastic
modulus (C; — C5)/2 that occurs over a broad temperature range at zero pressure: [247
, 25]. [AU: Please provide the reference with the label yanagisawa2012gamma3 cited
with Refs. [24,25] but not included in the reference list.]Motivated by these results—
which hint at a B;, strain susceptibility associated with the #H6HO state—we construct a
phenomenological mean—field theory for an arbitrary[AU: Please define OP.JorOP coupled
to strain; and then determine the effect of its phase transitions on the elastic response in

different symmetry channels.

We find that only one 6POP representation reproduces the anomalous 5, elastic mod-

ulus, which softens in a Curie-Weiss-like manner from room temperature and then cusps at
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Two. That theory associates #oHO with a 3;, ©POP modulated along the c= axis, the high
-pressure state with uniform 75, order, and the triple point between them with a Lifshitz
point. In addition to the agreement with the ultrasound data across a broad temperature
range, our model predicts uniform B, strain at high pressure—the same distortion that
was recently seen in x-ray scattering experiments- [21]. This work strongly motivates future
ultrasound experiments under pressure approaching the Lifshitz point, which should find
that the (C; — (12)/2 modulus diverges as the uniform B;, strain of the high—pressure
phase is approached.

II. MODEL AND PHASE DIAGRAM

The point group of URusSi, is Dy, and any theory must locally respect this symmetry
in the high-temperature phase. Our phenomenological free—-energy density contains three
parts: the elastic free energy, the ©POP, and the interaction between strain and 6POP. The
most general quadratic free energy of the strain € is fu  grc = ?jklﬁijﬁklf [26]. The form of
the bare moduli tensor C? is further restricted by symmetry- [27]. Linear combinations of
the six independent components of strain form five irreducible components of strain in Dy,

as
€Ay,1 = €11 T €22, €B,, = €11 — €22,
€A1,.2 = €33, €B,, = 2€12, (1)
€E, = 2{e11, €2}

All quadratic combinations of these irreducible strains that transform like A;, are included

in the free energy,
1 0
fELASTIC = 5 Z CX77jj€X,i€X,j7 (2)
X

where the sum is over irreducible representations (irreps) of the point group and the bare

elastic moduli C are
0 _ 1(0 0 0 _ 1.0 0
Cayyar = 3(Chinn + i), Cp,, = 5(Crin — Cligy)s

0 _ 0 0 _ 0
CAlg,zz = Cy333, Cng = Cla12: (3)

0 _ 0 0 _ 0
C',419,12 = Chiss, CEg = Clais-
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The interaction between strain and an 6POP 7 depends on the point—group representation

of 7. If this representation is %X, the most general coupling to linear order is
fINT = —b(i)é???- (4)

Many high-order interactions are permitted, and in the aAppendix another of the form *7?
is added to the following analysis. If there exists no component of strain that transforms
like the representation XX then there can be no linear coupling. The next-order coupling
is linear in strain; and quadratic in order parameter, and the effect of this coupling at a
continuous phase transition is to produce a jump in the A, elastic moduli if 7 is single-

component; [28-30] and jumps in other elastic moduli if it is multicomponent- [22]. Because

we are interested in physics that anticipates the phase transition—for instance, that the
growing ©POP susceptibility is reflected directly in the elastic susceptibility—we will focus
our attention on ©POP-s that can produce linear couplings to strain. Looking at the com-
ponents present in (1), this rules out all of the u-reps[AU: Please define u-reps.](which are
odd under inversion), the A,, irrep, and all half-integer (spinor) representations.

If the ©POP transforms like A, (e.g., a fluctuation in valence number), odd terms are
allowed in its free energy and without fine-tuning any transition will be first order and not
continuous. Since the #6HO phase transition is second= order; [20], we will henceforth rule
out A;, ©POP-s as well. For the 6POP representation XX as any of those remaining— 5,

By, or E/,—the most general quadratic free—energy density is

1
for =3 [r? + ¢| (¥ n)* + e (V¥ 1n)? -
+ Dy (Vin)*] + un?,
where Vir—=+0r;0:+V | = {01, 0>} transforms like 5 and ¥ =05V | = 05 transforms like
Ayy,.  Other quartic terms are allowed—especially many for an £, ©POP—but we have

included only those terms necessary for stability when either r or ¢; becomes negative as a

function of temperature. The full free—energy functional of 7) and e is

Fn, el = Fop[n] + Fruasnicle] + Fine[n, €] (6)
6
= /d$ (fOP + fELASTIC + fINT)'

Rather than analyze this two-argument functional directly, we begin by tracing out the

strain and studying the behavior of the 6POP alone. Later, we will invert this procedure
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and trace out the ©POP when we compute the effective elastic moduli. The only strain
relevant to an ©POP of representation XX at linear coupling is ex, which can be traced out
of the problem exactly in mean—field theory. Extremizing the functional (6) with respect to
ex gives

_ 6F[77’ 6] o 0 x
0= Gl | = Chekla) = (o), ™)

which in turn gives the strain field conditioned on the state of the ©POP field as ek [n](x) =
(b/CY)n(x) at all spatial coordinates x; and €%[n] = 0 for all other irreps ¥Y=£XY # X.
Upon substitution into (6), the resulting single-argument free—energy functional F'[n, e,[n]]

has a density identical to f,, with the identification » — 7 = r — b%/2C%.

FIG. 1. Phase diagrams for (a) URusSis from experiments (neglecting the superconducting phase)
[1], (b) mean—field theory of a one-component (B, or Bs,) Lifshitz point, and (c) mean—field
theory of a two-component (F,) Lifshitz point. Solid lines denote second-order transitions, while
dashed lines denote first—order transitions. Later, when we fit the elastic moduli predictions for a

B, ©POP to data along the ambient pressure line, we will take A7 =7 — 7. = a(T — T¢.).

With the strain traced out, (5) describes the theory of a Lifshitz point at 7 = ¢, = 0-
[31, 32]. The properties discussed in the remainder of this section can all be found in a
standard text; (e.g., inChapter4-§6-5-of Chatkin & Fubensky: [33]). For a one-component
oPOP (B, or By,) and positive ¢|, it is traditional to make the field ansatz (n(r)) =
1. cos(qew3). For 7 >0 and ¢; > 0; or 7 > ¢* /4D, and ¢, < 0, the only stable solution is

n. = ¢ = 0, and the system is unordered. For 7 < 0 there are free-energy minima for ¢. = 0

and 7> = —7/4u, and this system has uniform order of the ©POP representation, e.g., By,
or By,. For ¢; <0 and 7 < ¢7 /4D, there are free—energy minima for ¢> = —c, /2D, and
2 —4D,F  F.—F |AF
2= Lo 4DuF _ a7 (8)

12D, u 3u 3u ’

with 7. = ¢? /4D, and the system has modulated order. The transition between the uniform
and modulated orderings is first order for a one-component ©POP and occurs along the line
¢ = —2\/=DL7/5.

For a two-component ©POP (F£,) we must also allow a relative phase between the two

components of the ©POP. In this case the uniform ordered phase is enty—stable only for
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c; > 0, and the modulated phase is now characterized by helical order with (n(z)) =
n.{cos(q.x3),sin(q.x3)}. The uniform to modulated transition is now continuous. This
does not reproduce the physics of URu,Sis, whose #6HO phase is bounded by a line of
first—-order transitions at high pressure, and so we will henceforth neglect the possibility of
a multicomponent order parameter—consistent with earlier ultrasound measurements [22].
Schematic phase diagrams for both the one- and two-component models are shown in Figure.

1.

III. SUSCEPTIBILITY AND ELASTIC MODULI

We will now derive the effective elastic tensor C' that results from the coupling of strain
to the ©POP. The ultimate result, found in (17), is that Cx differs from its bare value CY.
only for the representation XX of the ©POP. Moreover, this modulus does not vanish at
the unordered to modulated transition—as it would if the transition were a ¢ = 0 phase
transition—but instead ends in a cusp. In this section we start by computing the suscepti-
bility of the ©POP at the unordered to modulated transition; and then compute the elastic
modulus for the same.

The susceptibility of a single-component (5, or Bs,) ©POP is

(g o)) = 0*F[n, €[] —[F— o V2
X () on(@)on(@’) |, [ Vi 9)

— 1 V1 + D,V + 12u(n(2))?]6(z — 2'),

where {—1} indicates a functional reciprocal defined as

/dw” U (@, 2 x (2", 2') = 6(x — ). (10)

Taking the Fourier transform and integrating out ¢ gives
~ 2 2 4 S\ = -1
X(@) = (F+eyq) + coql + Dugl +12u) (iig) (i) (11)
q/
Near the unordered to modulated transition this yields
_q-1
X(q) = [eyat + Di(q? — q1)* + | AF|]

1 3 (12)
- Dil+¢€fg+EH (@ —at)
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with &, = (|AF|/D)~Y* = &olt|* and & = (|AF|/c))~? = &olt| /2, where t =
(T — T,)/T, is the reduced temperature and £,o = (D /aT,)"* and &g = (¢ /aT.)"/? are
the bare correlation lengths perpendicular and parallel to the plane, respectively. The static
susceptibility x(0) = (D q¢! + |A7|)~" does not diverge at the unordered to modulated
transition. FTAlthough it anticipates a transition with Curie-Weiss-like divergence at the
lower point a(T —T,) = A7 = —D, ¢} < 0, this is cut off with a cusp at the phase transition
at Ar = 0.

The elastic susceptibility, which is the reciprocal of the effective elastic modulus, is found
in a similar-way similar to the ©POP susceptibility: we must trace over 7 and take the
second variation of the resulting effective free—energy functional of ¢ alone. Extremizing

over 7) yields

— bex (), (13)

which implicitly gives 7.[¢], the ©POP conditioned on the configuration of the strain. Since

7, is a functional of ex alone, only the modulus Cx will be modified from its bare value CY.

FAlthough the differential equation for 7, cannot be solved explicitly, we can use the
inverse function theorem to make use of (13) anyway. First, denote by 7, ! [1] the inverse func-
tional of 7, implied by (13), which gives the function ex corresponding to each solution of (13)

it receives. This we can immediately identify from (13) as #n{n{z)=b="Fssinl/ontann n](x) = b}

Now, we use the inverse function theorem to relate the functional reciprocal of the derivative

of 1.[e] with respect to ex to the derivative of 1, *[n] with respect to 7, yielding

(577*[6](:5)){‘1} _ on ' n)(@)

dex(z') on(x’) n=nx[€ (14)
_ ! 52F0P[77]

on(x)on (")

=" €]

Next, (13) and (14) can be used in concert with the ordinary rules of functional calculus to

yield the second variation
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5(:21(;[7)756[6]’(6]) = C’%é(x —a') - 2b5;7€* [E(]agfv)) - b/dac” Sec(adex (27 5(277/3%61(37() ”)éx(m”)
" M 6]($H) 6FOP [77] " " 677*[ ]( ”) (577* [d(xm) 62FOP [77]
/ de &X (@)oex(@) on(@”) |, _y.1q / dede =5 @) dex(x) (@ )on(a")

_ CQ((S(I o x/) o 2b577* [6]($) b/dx" 5277*[6](55) EX(:CH)

N="nx [5]

dex (a') dex (x')dex ()
) _Onld (@) ’ 0 g Sl (@) Onafe] B
+/d dex (z)dex (z’ )Q[bex(m ))1+b/da: de 56X &X ( ! )
=C%6(x —a') — 5;7;( ))+b/d”5 5223(;,)) CRo(x —a') — bdgi(] -
(15)

The elastic modulus is given by the second variation (15) evaluated at the extremized strain

(€). To calculate it, note that evaluating the second variation of Fy, in (14) at (¢) (or

1.((€)) = (1)) yields

on.[e(z)\ M LA ) 4 Db — o
<_&X<x/)> » e (z, )+C§6( ), (16)

where y{~} is the ©POP susceptibility given by (9). Upon substitution into (15) and taking

the Fourier transform of the result, we finally arrive at

xt) = O~ (s + Cix) ~ci(1+ g—;xw)) (17

FAlthough not relevant here, this result generalizes to multicomponent 6POP-s.

What does (17) predict in the vicinity of the #oHO transition? Near the disordered—to
-modulated transition—the zero-pressure transition to the HO state—the static modulus is
given by

-1

b?
Cx(0) = CY |1+ =5 (D¢ + |AF) 1| (18)

&
This corresponds to a softening in the XX= modulus approaching the transition that is cut
off with a cusp of the form |A7|" o |T"—T.|7, with v = 1. This is our main result. The only
oPOP irreps that couple linearly with strain and reproduce the topology of the URu,Si,
phase diagram are B, and B,,. For either of these irreps, the transition into a modulated
rather than uniform phase masks traditional signatures of a continuous transition by locating
thermodynamic singularities at nonzero ¢ = ¢.. The remaining clue at ¢ = 0 is a particular

kink in the corresponding modulus.
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IV. COMPARISON TO EXPERIMENT

FIG. 2. RusRUS measurements of the elastic moduli of URuySip at ambient pressure as a
function of temperature from recent experiments [22] (blue; solid line) alongside fits to theory
(magenta; dashed and black; dashed lines). The solid yellow region shows the location of the
#6HO phase. (a) By, modulus data and a fit to the standard form- [34]. (b) B;, modulus
data and a fit to (18) (magenta; dashed line) and a fit to (A21) (black; dashed line). The fit
gives Cp =~ [71 — (0.010K™1)T] GPa, b*/D, ¢} ~ 6.28 GPa, and b?/a ~ 1665 GPaK™'. Ad-
dition of a quadratic term in C%m was here—not needed here for the fit- [34]. (c¢) B;, mod-
ulus data and the fit of the bare B;, modulus. (d) Bj, modulus data and the fits trans-

formed by {GOEGG%]T/LGBM—_BH;HC%U (C%U/CBM — 1)]7!, which is predicted from (18) to equal

Dy qt/v* + a/b?|T —T,|, e.g., an absolute—~value function.

RtsRUS experiments [22] yield the individual elastic moduli broken into irreps; data for
the By, and B,, components defined in (1) are shown in Figures. 2(a—) and 2(b). The
By, modulus in Fig. 2(a) does n‘ot appear to have any response to the presence of the
transition, exhibiting the expected linear stiffening upon cooling from room temperature,
with a low-temperature cutoff at some fraction of the Debye temperature- [34]. The B,
modulus in Fig. 2(b) has a dramatic response, softening over the course of roughly 100 K
and then cusping at the #0HO transition. The data in the high-temperature phase can be
fit to the theory (18), with a linear background modulus 0%19 and 7 — 7. = a(T —T,), and
the result is shown in Figure. 2(b).

The behavior of the modulus below the transition does not match (18) well, but this is
because of the truncation of the free—energy expansion used above. Higher—order terms like
n?*e? and ¢* contribute to the modulus starting at order 7> and therefore change the behavior
below the transition, where the expectation value of 7 is finite, but not above it, where the
expectation value of 7 is zero. To demonstrate this, in the Appendix—# we compute the
modulus in a theory where the interaction free energy is truncated after fourth order with
the new term 5gn?c?. The dashed black line in Fig. 2 shows the fit of the ®RESRUS data to
(A21) and shows that successive high-order corrections can account for the low-temperature
behavior.

The data and theory appear quantitatively consistent, suggesting that #6HO can be



10 KENT-DOBIAS, MATTY, AND RAMSHAW

described as a Bj,-nematic phase that is modulated at finite ¢ along the e—c axis. The
predicted softening appears over hundreds of ¥kelvins; Figures. 2(c=) and 2(d) show the
background modulus 0%19 and the ©POP-induced response isolated from each other.

We have seen that the mean-field theory of a B;, ©POP recreates the topology of the
#6HO phase diagram and the temperature dependence of the B, elastic modulus at zero
pressure. This theory has several other physical implications. First, the association of a mod-
ulated B, order with the #0HO phase implies a uniform B, order associated with the high
-pressure phase; and, moreover, a uniform By, strain of magnitude (ep,,)* = 0°7/4u(C} )?,
which corresponds to an orthorhombic structural phase. The onset of orthorhombic sym-
metry breaking was recently detected at high pressure in URusSi, using x-ray diffraction, a
further consistency of this theory with the phenomenology of URu,Sis: [21].

Second, as the Lifshitz point is approached from low pressure, this theory predicts that the
modulation wave vector ¢, should vanish continuously. Far from the Lifshitz point we expect
the wave vector to lock into values commensurate with the space group of the lattice; and,

moreover, that at zero pressure, where the RESRUS data here waswere collected, the half-

wavelength of the modulation should be commensurate with the lattice spacing a; ~ 9.68 A,
or ¢, = m/az ~ 0.328 A7177[35*42]; In between these two regimes, mean—field theory predicts
that the ordering wave vector shrinks by jumping between ever-closer commensurate values
in the style of the devil’s staircase: [43]. In reality the presence of fluctuations may wash
out these transitions.

This motivates future ultrasound experiments done under pressure, where the depth of
the cusp in the B;, modulus should deepen (perhaps with these commensurability jumps)
at low pressure and approach zero as ¢! ~ (¢, /2D, )? near the Lifshitz point. Alternatively,
RESRUS done at ambient pressure might examine the heavy Fermi liquid to aFsMAFM tran-
sition by doping. FAlthough previous ®R5SRUS studies have doped URu,Si; with rhodiums
[44], rhodium changes the carrier concentration as well as the lattice spacing; and may
favour the promotion of the magnetic phase. An iso-electronic (as well as iso-magnetic)
dopant such as iron may more faithfully explore the transition out of the HO phase. Our
work also motivates experiments that can probe the entire correlation function—Ilike x-ray
and neutron scattering—and directly resolve its finite-¢ divergence. The presence of spatial
commensurability is known to be irrelevant to critical behavior at a one-component disor-

dered—to-modulated transition; and therefore is not expected to modify the thermodynamic
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behavior otherwise: [45].

There are two apparent discrepancies between the orthorhombic strain in the phase di-
agram presented by recent x-ray data [21]; and that predicted by our mean—field theory
if its uniform B5;, phase is taken to be coincident with URu,5iy’s aFMAFM. The first is
the apparent onset of the orthorhombic phase in the #H6HO state at slightly lower pressures
than the onset of AFMAFM. As therecent x-ray research [21] notes, this misalignment of
the two transitions as a function of doping could be due to the lack of an ambient pressure
calibration for the lattice constant. The second discrepancy is the onset of orthorhombicity
at higher temperatures than the onset of AFMAFM. We note that magnetic susceptibility
data sees no trace of another phase transition at these higher temperatures: [46]. It is
therefore possible that the high-temperature orthorhombic signature in x-ray scattering is
not the result of a bulk thermodynamic phase; but, instead, marks the onset of short-range
correlations, as it does in the high-F:T,. cuprates [47] (where the onset of €BWthe charge

density wave correlations also lacks a thermodynamic phase transition).

Three dimensions is below the upper critical dimension 4% of a one-component disordered-
to-modulated transition, and so mean—field theory should break down sufficiently close to

the critical point due to fluctuations; at the Ginzburg temperature: [48, 49]. Magnetic

phase transitions tend to have a Ginzburg temperature of order enel. Our fit above gives
£10q, = (D1 q'/aT,)"/* ~ 2, which combined with the speculation of ¢, ~ 7 /a3 puts the bare
correlation length &, on the order of lattice constant, which is about what one would expect
for a generic magnetic transition. The agreement of thiese data in the (7'—Tho)/Tho ~ 0.1-
10 range with the mean—field exponent suggests that this region is outside the Ginzburg
region, but an experiment may begin to see deviations from mean—field behavior within
approximately several ¥kelvins of the critical point. An ultrasound experiment with finer
temperature resolution near the critical point may be able to resolve a modified cusp ex-

ponent 7 ~ 1.31; [50] since, according to one analysis, the universality class of a uniaxial

modulated one-component ©POP is that of the O(2), 3Bthree-dimensional XY XY transi-

tion: [45]. A crossover from mean—field theory may explain the small discrepancy in our fit

very close to the critical point.
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V. CONCLUSION AND OUTLOOK

We have developed a general phenomenological treatment of #o6HO 6POP-s that have
the potential for linear coupling to strain. The two representations with mean—field phase
diagrams that are consistent with the phase diagram of URu,Si, are 5By, and Bs,. Of these,
only a staggered 5B, ©POP is consistent with zero-pressure R¥SRUS data, with a cusp
appearing in the associated elastic modulus. In this picture, the #6HO phase is characterized
by uniaxial modulated 5;, order, while the high—-pressure phase is characterized by uniform
By, order. The staggered nematic of #6HO is similar to the striped superconducting phase
found in[AU: Please define LBCO.]LBCO and other cuperates: [51].

We can also connect our results to the large body of work concerning various multipolar
orders as candidate states for #06HO (e.g., rRefs. [3-5, 7-9]). Physically, our phenomeno-
logical order parameter could correspond to 53;, multipolar ordering originating from the
localized component of the U= 5{5f electrons. For the crystal field states of URu,5is, this
could correspond either to electric quadroupolar or hexadecapolar order based on the avail-

able multipolar operators- [4].

The coincidence of our theory’s orthorhombic high-pressure phase and URu,Siy’s AFMAFM
is compelling, but our mean—field theory does not make any explicit connection with the
physics of aFMAFM. Neglecting this physics could be reasonable since correlations often
lead to aFMAFM as a secondary effect, like what occurs in many Mott insulators. An
electronic theory of this phase diagram may find that the aFMAFM observed in URu,Sis
indeed follows along with an independent high-pressure orthorhombic phase associated with

uniform B, electronic order.

The corresponding prediction of uniform 5, symmetry breaking in the high—pressure
phase is consistent with recent diffraction experiments; [21], except for the apparent earlier
onset in temperature of the B, symmetry breaking, which we believe may be due to fluctu-
ating order at temperatures above the actual transition temperature. This work motivates
both further theoretical work regarding a microscopic theory with modulated B, order; and
preforming symmetry-sensitive thermodynamic experiments at pressure, such as pulse-echo
ultrasound, that could further support or falsifydisprove this[AU: As meant to change

“falsify” to “disprove” in “further support or falsify this idea”? Please check.]idea.



ELASTIC PROPERTIES OF HIDDEN ORDER IN ... 13
ACKNOWLEDGMENTS

Jaron.Kent.-Dobias. is supported by NSE Grant No. DMR-1719490, Michael- Matty. is
supported by NSE Grant No. DMR-1719875, and Brad-.J.Ramshaw. is supported by NSEF
Grant No. DMR-1752784. We are grateful for helpful discussions with Sri. Raghu, Steve.
Kivelson, Danile. Liarte, and Jim. Sethna; and for permission to reproduce experimental

data in our figure by Etena. Hassinger. We thank Sayak. Ghosh for ®5sRUS data.

Appendix A: Adding a higher-order interaction

In this appendix, we compute the B, modulus for a theory with a high-order interaction

truncation to better match the low-temperature behavior. Consider the free—-energy density

f = fELASTlC + fL\IT + fOPl with
1
Serastic = 500621

1
finr = —ben + 59627721 (Al)

for = %[7‘712 + e (V) + cL(VV1n)* + D(Vin)*] + un'.
The mean-field strain conditioned on the order parameter is found from
_ 0F[n,€
— de(w) e=ex[1] (A2)
= Coeu[n)(x) = bn(x) + ge[n)(z)n(x)?,
which yields

_ bz
e[nl(z) = Co+ gn@? (A3)

Upon substitution into (A1) and expanded to fourth order in 7, F'[n, e,[n]] can be written in

the form F,;[n] alone with r — 7 = r—0?/Cy and u — @ = u+b*g/2C7. The phase diagram

in 7 follows as before with the shifted coefficients, and namely, (17(z)) = 7. cos(g.x3) for

7 <ct/AD = 7., with ¢ = —¢, /2D, and
, L —A4ADF A7

= = ) A4
= 12D 30 (A4)
We would like to calculate the ¢-dependent modulus
1 , ,
Clq) = V/dx da' C(z, 2" )e @) (A5)
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0*F'[1u[e], €]

B 52FELASTIC [77* [6]7 5] 52FINT [77*[6]’ E] 52F0P [77* [6]7 6]
de(z)de(x’) B * * (A6)

=) de(x)de(x) de(x)de(x’) de(x)de(x) =(e)

and 7, is the mean-field order parameter conditioned on the strain defined implicitly by

C(z,2) =

OF[n, €|
on(x)

= —be(x) + ge(z)*nle] (x) + O Foelr)

0= .
n="+€] 577(@ n=1[€]

(A7)

We will work this out term by term. The elastic term is the most straightforward, giving

62FELASTIC [5] 1 52

de(z)de(x’) - 50055(@56@1) /d:c"e(:c”) = Cod(x — ). (A8)

The interaction term gives

w—_é—Q 2" e(x” 1 5—2 2" € 1\2
Se(@)bele) | de(w)de(a) /d @Ol @) + 395 et /d @ n.ld(a”)
677*[6](‘/1/‘/) 5 " 1 577*[ ]( ) 5 / 2
b de(x) _bée(ac)/dx (") de(z') —i—g&(x){ie(x)n*[e](x) B
+o5m [ el ">5”*[(“) )
= 2~ 2gcln ) / 3D+ gl ot - )
" 577*[ J(z )577*[ J(2" " " 5277*[6]@”)
—i—g/dm e(a")? pe() Se(r') —|—g/dm e(2")?n,[e)(z )—56(37)56@’)'
(A9)
The order parameter term relies on some other identities. First, (A7) implies
0 Fopln) = be(z) — ge(x)*n[e](x),

and therefore that the functional inverse 7, ' [n] is

0, () = 2g;<x> (1 — \/ 1— 4922(3;) 5;;"(";)7]). (Al1)

The inverse function theorem further implies {[with substitution of (A10) after the derivative

is evaluated}| that

2 6% Fop[n]
 ge(@)*o(z — o) + 555 (g (A12)
a b—2 [€](x)
n="x[e] 96( )n* v

(5m[e}<x>>{‘” o (@)
de(z!) 5n(m’)
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and therefore that

0% Foeln] on.[€)(z)
on(z)on(x’) de(x’)

Finally, we evaluate the order parameter term, using (A10) and (A13), which give

{-1}
) — ge(x)?6(z — 2'). (A13)

— ({b— 2ge()n.ldl(a >>}(

n="[€]

0* Fop[n[€]] _ 0 /da:” on.[e](z") d Fop[n]
de(z)de(x’)  de(x) x')  on(x") n=nele]
Ui " " 577*[6] (Q?H) 577*[ ] (ﬂ/”) 52F0P[77]

N +/d$ dx (56(33) (56(.%’) 5 ( //)577( ///) _—

_ n 0*nfe] (2" e(x) — aelx — 20¢(x 577*[ J(x)
[ o S bela) = gele) el )} + (40— 20l @)}
" " 2577*[ ]({E”) 577*[ ]( )
_g/df”‘ ) @) dela)
(A14)
Summing all three terms, we see a great deal of cancellation, with
52F[77*[ ], €] _ ()28(x — 2 — 90¢(x 577*[4@)
el = Codla = ')+ gl ()8l — ') — (b~ 2ge(am el T
We neow need to evaluate this at (e). First, n.[(¢)] = (1), and
0*F[n.[e], €] on.le] (z)

eyse(o | = Cola—a) 4 glnta))?ae —) o= 20(e(a) D]

Computing the final functional derivative is the most challenging part. We will first compute

(e) e=(e)

its functional inverse, take the Fourier transform of that, and then use the basic relationship

between Fourier functional inverses to find the form of the non=inverse. First, we note

O*F, op [77]

W o = [r —c Vi —qVi+ DV, + 12u({n(x)) }6(x — ), (A15)
which gives
onfd(@) 1 1250 oy 4 O Forll]
Sy I T et —a)+ .

T ho 2g<6(2)><77(x)> [9<6($)>2 +7r—c1Vi = Vi + DV + 12u{n(2))* |6(z — «
(A16)
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Upon substitution of (A3) and expansion to quadratic order-it (n(x)), we find
0y le](x =1 1
(i) = Vi mavit bV

e=(e)

+ n(@))? [12 e 2

e vioavis Dviﬂ + 0(<n>4)}5(:v ).

(A17)

Defining <7]/>\2 = [dq' (1(¢"))(1(—q")), its Fourier transform is then

G(Q):%/dxda: e ialz—a’ < g[ég)ﬂf))

1
= E{T + CLQE_ —f-CHqﬁ + qul_ + <77> {12 + =

e=(e)

Vg  2g

it %&+QM+WQ+Dmﬂ+mmW}

(A18)

We can now compute C'(¢g) by taking its Fourier transform, using the convolution theorem

for the second term:

Clg) = Co+ g{n)? — /dq/’ (WQ”) - gb /dCI< ><77q~—q'>)/G(q —q")

0

, 1 — 12u+b%g/C3 + 2 (r + c1q® + ¢jqf + Dal)
—Co+9<>_b 2 2 D4_<77> 2 2 D42
7’+CJ_qL+CHq”+ q; (7’+CJ_QL+CHQ||+ q7)
2 (o) (7
g ) g =) ~\4
+—/dq q +O")-
Co r+cilqgr —q7)*+eylq —qf)* + Dlgr — q7)* (47)

(A19)

Upon substitution of (7j,) = 31.[0(q. — ¢.) + (g1 + ¢.)]0(g)), we have

1
Clq) = Co + Jgni =V -
4 r+ecigt i+ Dgl 4 (r+ciqt +qf + Dqi)?

gb*n? 2 1
e (7“ +qf +crql + Dgi Ty cpqf + crlqr — 2¢:)* + D(qr — 2¢.)*
1
T oqf +ci(qr +2¢.)* + D(q1 + 2¢.)*

( 1 n? 12u + b*g/C§ + O(r+ch2+c||qﬁ+in))

) +O(n;).
(A20)

Evaluating at ¢ = 0, we have

b2
C(0) = %——+2

(A21)

b2 2¢b% 16Dg* + 3
<g+ﬁ(12u+b2g/C§)+ J L T)

Cor 8Dg*+r
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Above the transition this has exactly the form of (18) for any ¢; below the transition it has

the same form at g = 0 to order 1?. With r = aAT + ¢*/4D + b*/Cy, u = 1 — b*g/2CZ, and

0 AT > 0,
n; = ) (A22)

_aAT/3@ AT <0,
we can fit the ratios v? /a = 1665 GPa K, b*/Dq! = 6.28 GPa, and b/ —g/u = 14.58 GPa with
Co— {7t —(0-610426 K=1YFY GPaCy = [71.14 — (0.010426 K)T] GPa. The resulting fit

is shown as a dashed black line in Fig. 2.
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