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Conditioning the complexity of random landscapes on marginal optima

Jaron Kent-Dobias
Istituto Nazionale di Fisica Nucleare, Sezione di Roma I, Rome 00184, Italy

® (Received 24 July 2024; accepted 2 December 2024; published XXxXXXXXXX)

Marginal optima are minima or maxima of a function with many nearly flat directions. In settings with
many competing optima, marginal ones tend to attract algorithms and physical dynamics. Often, the important
family of marginal attractors is a vanishing minority compared with nonmarginal optima and other unstable
stationary points. We introduce a generic technique for conditioning the statistics of stationary points in random
landscapes on their marginality and apply it in three isotropic settings with qualitatively different structures:
in the spherical spin-glasses, where the energy is Gaussian and its Hessian is a Gaussian orthogonal ensemble
(GOE); in multispherical spin glasses, which are Gaussian but non-GOE; and in sums of squared spherical
random functions, which are non-Gaussian. In these problems, we are able to fully characterize the distribution
of marginal optima in the landscape, including when they are in the minority.

DOI: 10.1103/PhysRevE.00.004100

I. INTRODUCTION

Systems with rugged landscapes are important across many
disciplines, from the physics of glasses and spin glasses to
statistical inference problems [1]. The behavior of these sys-
tems is best understood when equilibrium or optimal solutions
are studied and weighted averages can be taken statically over
all possible configurations. However, such systems are also
infamous for their tendency to defy equilibrium and opti-
mal expectations in practice due to the presence of dynamic
transitions or crossovers that leave physical or algorithmic dy-
namics stuck exploring only a subset of configurations [2,3].

In mean-field settings, it was long thought that physical and
many algorithmic dynamics would get stuck at a specific en-
ergy level, called the threshold energy. The threshold energy is
the energy level at which level sets of the landscape transition
from containing mostly saddle points to containing mostly
minima. The level set associated with this threshold energy
contains mostly marginal minima, or minima whose Hessian
matrix have a continuous spectral density over all sufficiently
small positive eigenvalues. In most circumstances the spec-
trum is pseudogapped, which means that the spectral density
smoothly approaches zero as zero eigenvalue is approached
from above.

However, recent work found that the threshold energy
is not important even for simple gradient descent dynamics
[4-6]. Depending on the initial condition of the system and
the nature of the dynamics, the energy reached can be above
or below the threshold energy, while in some models the
threshold energy is completely inaccessible to any dynamics
[7]. Though it is still not known how to predict the energy level
that many simple algorithms will reach, the results all share
one commonality: the minima found are still marginal despite
being in the minority compared to stiff minima or saddle
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points. This ubiquity of behavior suggests that the distribution
of marginal minima can be used to bound out-of-equilibrium
dynamical behavior.

Despite their importance in a wide variety of in- and out-
of-equilibrium settings [8—17], it is not straightforward to
condition on the marginality of minima using the traditional
methods for analyzing the distribution of minima in rugged
landscapes. Using the method of a Legendre transformation of
the Parisi parameter corresponding to a set of real replicas, one
can force the result to correspond with marginal minima by
tuning the value of that parameter [18]. However, this results
only in a characterization of the threshold energy and cannot
characterize marginal minima at other energies where they are
a minority.

The alternative approach, used to great success in the
spherical spin glasses, is to start by understanding in detail
the Hessian matrix at stationary points. Then, one can con-
dition the analysis on whatever properties of the Hessian are
necessary to lead to marginal minima. This strategy is suc-
cessful in spherical spin glasses because it is straightforward
to implement. First, the shape of the Hessian’s spectrum is
independent of energy, regardless of whether one sits at a
stationary point. This is a property of models whose energy
is a Gaussian random variable [19,20]. Furthermore, a natural
parameter in the analysis of these models linearly shifts the
spectrum of the Hessian. Therefore, tuning this parameter
to a specific constant value allows one to require that the
Hessian spectrum has a pseudogap and therefore that the asso-
ciated minima be marginal. Unfortunately, this strategy is less
straightforward to generalize to other models. Many models
of interest, especially in inference problems, have Hessian
statistics that are poorly understood. This is especially true
for the statistics of the Hessian conditioned to lie at stationary
points, which is necessary to understand in models whose
energy is non-Gaussian.

Here, we introduce a generic method for conditioning the
statistics of stationary points on their marginality. The tech-

©2024 American Physical Society
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nique makes use of a novel way to condition an integration
measure to select only configurations that result in a certain
value of the smallest eigenvalue of a matrix. By requiring that
the smallest eigenvalue of the Hessian at stationary points be
zero and further looking for a sign that the zero eigenvalue lies
at the edge of a continuous spectrum, we enforce the condition
that the spectrum has a pseudogap and is therefore marginal.
We demonstrate the method on the spherical spin glasses,
where it is unnecessary but instructive, and on extensions of
the spherical models where the technique is more useful. In
related work, we compare the marginal complexity with the
performance of gradient descent and approximate message-
passing algorithms [21].

An outline of this paper follows. In Sec. II we introduce
the technique for conditioning on the smallest eigenvalue
and how to extend it to further condition on the presence of
a pseudogap. We provide a simple but illustrative example
using a Gaussian orthogonal ensemble (GOE) matrix with
a shifted diagonal. In Sec. III we apply this technique to
the problem of characterizing marginal minima in random
landscapes. Section IV gives several examples of the marginal
complexity applied to specific models of increasing difficulty.
Finally, Sec. V summarizes this work and suggests necessary
extensions.

, / dsS(N — |s|?)e P4 /sTAs
lim o8 =
poo ) [ds S(N — ||8']|2)e=Bs"4°\ "N
= g(Amin(4))

= g()\min (A)),

as desired. The first relation extends a technique for calcu-
lating the typical minimum eigenvalue of an ensemble of
matrices first introduced by Ikeda and later used by Kent-
Dobias in the context of random landscapes and is similar
to an earlier technique for conditioning the value of the
ground state energy in random landscapes by Fyodorov and
Le Doussal [21,22,24,25]. A Boltzmann distribution is intro-
duced over a spherical model whose Hamiltonian is quadratic
with interaction matrix given by A. In the limit of zero
temperature, the measure will concentrate on the ground
states of the model, which correspond with the eigenspace
of A associated with its minimum eigenvalue Api,. The sec-
ond relation uses the fact that, once restricted to the sphere
|s||> = N and the minimum eigenspace, s’ As = s sAyin(A)
= NAmin (A)

The relationship is formal, but we can make use of the
fact that the integral expression with a Gibbs distribution
can be manipulated with replica techniques, averaged over,
and in general treated with a physicist’s toolkit. In particular,
we have specific interest in using g(Amin(A)) = §(Anin(A)),
a Dirac delta function, which can be inserted into averages
over ensembles of matrices A (or indeed more complicated
averages) in order to create the condition that the minimum
eigenvalue is zero.

II. CONDITIONING ON THE SMALLEST EIGENVALUE

In this section, we introduce a general method for condi-
tioning a measure on the smallest eigenvalue of some matrix
that depends on it. In Sec. IIB we show how this works
in perhaps the simplest example of GOE random matrices
with a shifted diagonal. In the final subsection we describe
how to extend this method to condition on the presence of a
pseudogap at the bottom on the spectrum.

A. The general method

Consider an N x N real symmetric matrix A. An arbitrary
function g of the minimum eigenvalue of A can be expressed
using integrals over s € RV as

dsS(N — ||s||?)e#s"4s (STAS>

8(Amin(A)) = ﬁlim N

Doo )] Tds s — I8 [PepTas 8
(1
In the limit of large B, each integral concentrates among

vectors s in the eigenspace of A corresponding to the smallest
eigenvalue of A. This produces

dsS(N — |Is1*) Lkera—imm(a)) (8) (sTAs>
Jds' S(N — |IS'1*) Lker(a—rmmrn(8) "\ N

[ dsS(N — [ISI*) Lker(A—rmm )y ()
[ds' S(N — [IS'I1*) Lier(A—ipn(a)1) (S')

2)

(
B. Simple example: Shifted Gaussian orthogonal ensemble

We demonstrate the efficacy of the technique by rederiving
a well-known result: the large-deviation function for pulling
an eigenvalue from the bulk of the GOE spectrum. Consider
an ensemble of N x N matrices A = B + ul for B drawn from
the GOE ensemble with entries whose variance is o> /N. We
know that the bulk spectrum of A is a Wigner semicircle with
radius 20 shifted by a constant u. Therefore, for u = 20,
the minimum eigenvalue will typically be zero, while for
© > 20 the minimum eigenvalue would need to be a large
deviation from the typical spectrum and its likelihood will
be exponentially suppressed with N. For u < 20, the bulk of
the typical spectrum contains zero and therefore a larger N?
deviation, moving an extensive number of eigenvalues, would
be necessary [26]. This final case cannot be quantified by
this method, but instead the nonexistence of a large deviation
linear in N appears as the emergence of an imaginary part in
the large deviation function.

To compute this large deviation function, we employ the
method outlined in the previous subsection to calculate

NG = PQunin(B + pl) = %)
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where the overline is the average over B, and we have defined the large-deviation function G;-(u). Using the representation of
Amin defined in (1), we have

ds S(N — [|s|[2)e=Fs Bubs

NG (L) — 1;
¢ = li fdsl S(N — ”S/”Z)efﬂs’T(Bﬂu)s’

p—o0

S(NA* —sT(B + ul)s), 4)

Using replicas to treat the denominator (x~' = lim,,_,o x”~!) and transforming the § function to its Fourier representation, we
have

N0 = 1im lim
B—o00 m—0

di. ]_[ [ds® S(N — [|s*[2)] exp {—5 Z(s“)T(B + uD)s® + A[NAE — (sHT (B + ul)s'] } 5)
a=1

a=1

having introduced the auxiliary parameter A in the Fourier representation of the § function. The whole expression, so transformed,
is an exponential integral linear in the matrix B. Taking the average over B, we find

m

N0 = lim lim [ di [ [lds® (N — [Is*|1*)]
a=1

B—00 m—0

m

2 m
X exp {N[m* — W)= mpul+ = [ﬂz DTS 28R Y (% s+ XZNZ} } (©)
ay a

We make the Hubbard—Stratonovich transformation to the matrix field Q*# = Il\,s"‘ -sP. This produces an integral expression of
the form

AN — lim lim | dX dQeNZ/{GOE()L»Qw-,)L*qM)’
B—o00 m—0

(7

where the effective action Ugog is given by

. . “ s . 1
Ucor(h, QIB, 1%, 1) = A" — )+ lim 3 —mpu+02| B2 Y (07 +2p1) Q') +4% | + Jlogdet Q1. (8)
ay o

(

and Q** =1 because of the spherical constraint. We can with the new effective action
evaluate this integral using the saddle-point method. We make
a replica symmetric ansatz for Q, because this is a 2-spin
spherical model but with the first row singled out because of

its unique coupling with 4. The resulting matrix has the form

Usor (A, qo, Gol B, A*, 1)
=507 — ) + o [28%(q3 — @) +284(1 — @) + 37

- - — log(1 — go) + 5 log (1 — 240 + Gj)- (14)
L Ggo 4o 4o
g 1 qo % We need to evaluate the integral above using the saddle-point
method, but in the limit 8 — oco. We expect the overlaps to
0=14G q 1 90 9) concentrate on one as 8 goes to infinity. We therefore take

- qo=1=yp~" =272+ 0(B™), (15)

[ do 90 qo -+ 1] 1 , X
Go=1=387 — @+ A)B"+0(B7). (16)

The relevant expressions in the effective action produce

However, taking the limit with y 7  results in an expression
D QY =m+2m — 1)gy + (m—1)(m —2)g5, (10)

for the action that diverges with §. To cure this, we must take

ap ¥ = y. The result is
2 Q1) =1+ (=, D Uoor(iy, Azloo, %, ) =30* — )+ 0?32 + 40 + A2)]
logdet O = (m — 2)log(1 — qo) n llog (1 _ 2_A21> a7
+log[1+ (m—2)qo — (m— DG@].  (12) 2 Y

. . . . . . Extremizing this action over the new parameters y, Az, and A
Inserting these expressions into the effective action and taking & p y> 2L ’

the limit of m to zero, we arrive at we find
. N 1 nw—A* 2
NG — im | dR dgo dgo VHeoraodlB At (13 A=— ( ) -1, (18)
B—o0 o 20
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FIG. 1. The large deviation function Go(w) defined in (3) as a
function of the shift x to the GOE diagonal. Gy(20) = 0, while for
1 > 20 itis negative and for u < 20 it gains an imaginary part. The
top panels show schematically what happens to the spectral density
in each of these regimes. For u < 20, an N2-large deviation would
be required to fix the smallest eigenvalue to zero and the calculation
breaks down, leading to the imaginary part. For u > 20 the spectrum
can satisfy the constraint on the smallest eigenvalue by isolating a
single eigenvalue at zero at the cost of an order-N-large deviation. At
the transition point © = 20 the spectrum is pseudogapped.

-1

1 [ u—2* nw—A* 2
= — -1 , 19
y 20 20 + ( 20 ) (19)
1 —a*\? — A —a*\?
Az = — a 1=k a -1
402 20 20 20
(20)

15 Inserting this solution into the effective action we arrive at

Gy () = extremum Ugog (4, y, Az|oo, A*, 11)
Ay, Az
o= =y !
o 20 20

— A —\?
L o —1]. @
20 20

— log

16 This function is plotted in Fig. 1 for A* = 0. For u < 20,
17 Go(w) has an imaginary part. This indicates that the existence
198 Of a zero minimum eigenvalue when © < 20 corresponds to a
199 large deviation that grows faster than N, rather like N 2 since
200 in this regime the bulk of the typical spectrum is over zero
200 and therefore extensively many eigenvalues must have large
202 deviations in order for the smallest eigenvalue to be zero [26].
203 For u > 20 this function gives the large deviation function for

the probability of seeing a zero eigenvalue given the shift p.
i = 20 is the maximum of the function with a real value and
corresponds to the intersection of the typical bulk spectrum
with zero, i.e., a pseudogap.

Here, we see what appears to be a general heuristic for
identifying the saddle parameters for which the spectrum is
pseudogapped: the equivalent of this large-deviation function
will lie on the singular boundary between a purely real and
complex value.

C. Conditioning on a pseudogap

We have seen that this method effectively conditions a
random matrix ensemble on its lowest eigenvalue being zero.
However, this does not correspond on its own to marginality.
In the previous example, most values of i where the calcu-
lation was valid correspond to matrices with a single isolated
eigenvalue. However, the marginal minima we are concerned
with have pseudogapped spectra, where the continuous part of
the spectral density has a lower bound at zero.

Fortunately, our calculation can be modified to ensure that
we consider only pseudogapped spectra. First, we insert a shift
1 by hand into the “natural” spectrum of the problem at hand,
conditioning the trace to have a specific value u = IlvTrA.
Then, we choose this artificial shift so that the resulting
conditioned spectra are pseudogapped. As seen the previous
subsection, this can be done by starting from a sufficiently
large © and decreasing it until the calculation develops an
imaginary part, signaling the breakdown of the large-deviation
principle at order N.

In isotropic or zero-signal landscapes, there is another way
to condition on a pseudogap. In such landscapes, the typical
spectrum does not have an isolated eigenvalue. Therefore,
for a given u the bottom of the spectrum can be located by
looking for the value A* that maximizes the (real) large devi-
ation function. Inverting this reasoning, we can find the value
1 = iy corresponding to a marginal spectrum by requiring
that the large deviation function has a maximum in A* at
A =0, or

9
FIE

0 G+ (im)

A*=0

(22)

In the example problem of Sec. II B, this corresponds pre-
cisely to u, = 20, the correct marginal shift. Note that when
we treat the Dirac é function using its Fourier representation
with auxiliary parameter A, as in the previous subsection, this
condition corresponds with choosing 4 such that A = 0.

III. MARGINAL COMPLEXITY IN RANDOM
LANDSCAPES

The methods of the previous section can be used in diverse
settings. However, we are interested in applying them to study
stationary points in random landscapes whose Hessian spec-
trum has a pseudogap; that is, that are marginal. In Sec. IIT A
we define the marginal complexity using the tools of the previ-
ous section. In Sec. III B we review several general features in
a physicist’s approach to computing the marginal complexity.
In Sec. IIIC we introduce a representation of the marginal
complexity in terms of an integral over a superspace, which
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condenses the notation and the resulting calculation and which
we will use in one of our examples in the next section.

A. Marginal complexity from Kac—Rice

The situation in the study of random landscapes is often as
follows: an ensemble of smooth energy functions H : RV —
R defines a family of random landscapes, often with their
configuration space subject to one or more constraints of the
form g(x) = 0 forx € RY. The typical geometry of landscapes
drawn from the ensemble is studied by their complexity, or
the average logarithm of the number of stationary points with
certain properties, e.g., of marginal minima at a given energy.

Such problems can be studied using the method of La-
grange multipliers, with one introduced for every constraint.
If the configuration space is defined by r constraints, then
the problem of identifying stationary points is reduced to
extremizing the Lagrangian

L, 0) = HX)+ Y _ 0;gi(x)

i=1

(23)

with respect to x and the Lagrange multipliers o =
{wi, ..., ®}. To write the gradient and Hessian of the energy,
which are necessary to count stationary points, care must be
taken to ensure they are constrained to the tangent space of the
configuration manifold. For our purposes, the Lagrangian for-
malism offers a solution: the gradient VH : RN x R" — RV
and Hessian Hess H : RY x R” — RY*N of the energy H can
be written as the simple vector derivatives of the Lagrangian
L, with

VH(X, 0) = IL(X, 0) = IH(X) + Y_ 0;08i(x),  (24)

i=1

Hess H(x, w) = 00L(X, w)

= 00H(X) + Y 0;00i(x),

i=1

(25)

where d = % will always represent the derivative with respect
to the vector argument x. Note that, unlike the energy, which
is a function of the configuration x alone, the gradient and
Hessian depend also on the Lagrange multipliers w. In situa-
tions with an extensive number of constraints, it is important
to take seriously contributions of the form zf:_ai) to the Hessian
[27]. However, the cases we study here have N 0 constraints
and these contributions appear as finite-N corrections.

The number of stationary points in a landscape for a par-
ticular function H is found by integrating over the Kac—Rice
measure

dvy(x, w) =dxdwd(g(x))§(VH (X, w))

x | det Hess H (x, w)], (26)

with a é function of the gradient and the constraints ensuring
that we count valid stationary points, and the determinant of
the Hessian serving as the Jacobian of the argument to the §
function [28,29]. It is usually more interesting to condition the
count on interesting properties of the stationary points, such as
the energy and spectrum trace, or

dvy(X, w|E, n) =dvyg (X, w) S(NE — H(X))

X §(Nu — Tr Hess H (x, w)). 27

We specifically want to control the value of the minimum
eigenvalue of the Hessian at the stationary points. Using the
method introduced in Sec. II, we can write the number of
stationary points with energy E, the Hessian trace u, and the
smallest eigenvalue A* as

Ny(E, u, \*) = /de(X, o|E, ;1) S(NA* — Amin(Hess H (X, w)))

dsS(N — ||s]|2)8(s” 0g(x))eFs' Hess Hx.w)s

= lim | dvy(x, w|E, _S(NL* —sT Hess H(x, w)s), (28
B—00 Vi (X, @) M)fds/8(N — ||s’||2)5(s/Tag(x))e—ﬁS’ Hess H(x,w)s ( (x, w)s) (28)

where the additional § functions
3(s" 9g(x)) = 1_[5(ST 9gi(x)) (29)

s=1

ensure that the integrals involving potential eigenvectors s are constrained to the tangent space of the configuration manifold at

the point x.

The complexity of points with a specific energy, stability, and minimum eigenvalue is defined as the average over the ensemble
of functions H of the logarithm of the number Ay of stationary points, or

-
El*(E7 I‘L) = NlogNH(E9 M, )\*)

(30)

In practice, this can be computed by introducing replicas to treat the logarithm (logx = lim,_¢ %x") and introduc-
ing another set of replicas to treat each of the normalizations in the numerator (x~! = lim,,_, _; x). This leads to the
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expression

Ty (E, u) = lim 11m——/1_[ [de(xa,wa|E 1) 8(NA* — (sb)" Hess H(x,, w,)s))

oN o

X nEEO (L[l ds? (N

for the complexity of stationary points of a given energy, trace,
and smallest eigenvalue.

The marginal complexity follows from the complexity as
a function of p and A* in an analogous way to Sec. IIC. In
general, one sets A* = 0 and tunes p from a sufficiently large
value until the complexity develops an imaginary component,
which corresponds to the bulk of the spectrum touching zero.
The value u = up, that satisfies this is the marginal stability.

In the cases studied here with zero signal to noise, a simpler
approach is possible. The marginal stability 4 = uy, can be
identified by requiring that the complexity is stationary with
respect to changes in the value of the minimum eigenvalue 1*,
or

0
0= —23(E, un(E
o B (E i (E))

The marginal complexity follows by evaluating the com-
plexity conditioned on A* = 0 at the marginal stability pu =
pm(E),

(32)

A*=0

Yn(E) = Zo(E, um(E)). (33)

B. General features of saddle-point computation

Several elements of the computation of the marginal com-
plexity, and indeed the ordinary dominant complexity, follow
from the formulas of the above section in the same way. The
physicist’s approach to this problem seeks to convert all of the
components of the Kac—Rice measure defined in (26) and (27)
into elements of an exponential integral over configuration
space. To begin with, all Dirac § functions are expressed using
their Fourier representation, with

dﬁa X Xg, 0,
SVHO 00) = | G ogemvitees, 34
dp. BaNE—H (x,)]
S(NE —H(x,)) = 2. ¢ e (35)
S(NA* — (sl)T Hess H (X4, ®)s,)
dka «
_ / = e’\ INAF—(s))T Hess H (x4, )s) ] (36)

To do this we introduced auxiliary fields X,, Ba, and A,
Because the permutation symmetry of replica vectors is pre-
served in replica symmetry breaking (RSB) orders, the order
parameters 3 and A will quickly lose their indices, since they
will ubiquitously be constant over the replica index at the
eventual saddle-point solution.

We would like to make a similar treatment of the de-
terminant of the Hessian that appears in (26). The standard
approach is to drop the absolute value function around the

— s [*) 8((s2) " ogxa)) e—ﬂ@ﬁﬂﬂessH(wvsfrﬂ

€1y

(

determinant. This can potentially lead to severe problems with
the complexity [19]. However, it is a justified step when the
parameters of the problem E, u, and A* put us in a regime
where the exponential majority of stationary points have the
same index. This is true for maxima and minima, and for
saddle points whose spectra have a strictly positive bulk with
a fixed number of negative outliers. It is in particular a safe
operation for the present problem of marginal minima, which
lie right at the edge of disaster.
Dropping the absolute value function allows us to write

det Hess H (x,, w,) = / dna dr) e il Hess H (X, @04 (37)

using the N-dimensional Grassmann vectors 7, and 7,. For
the spherical models this step is unnecessary, since there are
other ways to treat the determinant keeping the absolute value
signs, as in previous works [4,7]. However, other examples of
ours are for models where the same techniques are impossible.

Finally, the § function fixing the trace of the Hessian to u
in (27) must be addressed. One could treat it using a Fourier
representation as in (34)—(36), but this is inconvenient because
a term of the form Tr d0H (x) in the exponential integrand
cannot be neatly captured in superspace representation intro-
duced in the next section. However, in the cases we study in
this paper a simplification can be made: the trace of d0H can
be separated into two pieces, one that is spatially independent
and one that is typically small, or

TrddH (x) = Nujy + Ap(x), (38)

where E = w* and Ay (x) = O(N®). Then fixing the trace of

the Hessian to w implies that

1 1 :
w= N TrHess H(x) = N (88H(X) + Za),- Tr 88g,~(x))

i=1

1 r
=t ;w Trodg:(x) + ON™")

(39)

for typical samples H. In particular, here we study only cases
with quadratic g;, which results in a linear expression relating
w and the w; that is independent of x. Since H contains the
disorder of the problem, this simplification means that the
effect of fixing the trace is largely independent of the disorder
and mostly depends on properties of the constraint manifold.

C. Superspace representation

The ordinary Kac—Rice calculation involves many moving
parts, and this method for incorporating marginality adds even
more. It is therefore convenient to introduce compact and sim-
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plifying notation through a superspace representation. The use
of superspace in the Kac—Rice calculation is well established,
as well as the deep connections with Becchi-Rouet-Stora-
Tyutin (BRST) symmetry that is implied [30-32]. Appendix A
introduces the notation and methods of superspace algebra.
Here we describe how it can be used to simplify the complex-
ity calculation for marginal minima.

We consider the RV superspace whose Grassmann indices
are Ay, 0y, 6, 6,. Consider the supervector defined by

¢3(1, 2) =X, + él Na + ﬁuel + iﬁaélel + 53(9162 + é29] )
(40)

Note that this supervector does not span the whole superspace:
only a couple terms from the 6,, 6, sector are present, since
the rest are unnecessary for our representation. With this su-
pervector so defined, the replicated count of stationary points
with energy E, trace u, and smallest eigenvalue A* can be
written as

NH(Ev M, )\'*)n
mg

BT 2 R . o al o
= ﬂlgr;o / dodp dk]j[l n}:golj[ldqsa exp{(S N(BE
+?\,\*)+/dldzBa(l,z)L(¢g(1,2), a))}. (41)

Here we have also defined the operator

BY(1,2) = 8*'0,0,(1 — B616;) — 8*'% — B,  (42)
which encodes various aspects of the complexity problem.
When the Lagrangian is expanded in a series with respect to
the Grassmann indices and the definition of B inserted, the
result of the Grassmann integrals produces exactly the content
of the integrand in (31) with the substitutions (34), (35), (36),
and (37) of the Dirac § functions and the determinant made.
The new measures

o _ dﬁa = cal _ sal
dg, = [dxa5(g(xa)) Gy dnadijg 8" + (1 -8 )}

xdsg 3([s5]" = N) 8((s5) " dg(xa)). (43)

i=1 i

collect the individual measures of the various fields embed-
ded in the superfield, along with their constraints. With this
way of writing the replicated count, the problem of marginal
complexity temporarily takes the schematic form of an equi-
librium calculation with configurations ¢, inverse temperature
B, and energy L. This makes the intermediate pieces of the
calculation dramatically simpler. Of course the intricacies of
the underlying problem are not banished: near the end of the
calculation, terms involving the superspace must be expanded.
We will make use of this representation to simplify the analy-

sis of the marginal complexity when analyzing random sums
of squares in Sec. IV C.

IV. EXAMPLES

In this section we present analysis of marginal complexity
in three random landscapes. In Sec. IV A we treat the spherical
spin glasses, which reveals some general aspects of the calcu-
lation. Since the spherical spin glasses are Gaussian and have
identical GOE spectra at each stationary point, the approach
introduced here is overkill. In Sec. IV B we apply the methods
to a multispherical spin glass, which is still Gaussian but has a
non-GOE spectrum whose shape can vary between stationary
points. Finally, in Sec. IV C we analyze a model of sums of
squared random functions, which is non-Gaussian and whose
Hessian statistics depend on the conditioning of the energy
and gradient.

A. Spherical spin glasses

The spherical spin glasses are a family of models that
encompass every isotropic Gaussian field on the hypersphere.
Their configuration space is the sphere S¥~! defined by all
x € RV such that 0 = g(x) = %(HXHZ — N). One can consider
the models as defined by ensembles of centered Gaussian
functions H such that the covariance between two points in
the configuration space is

(45)

- X X
HXHX) = Nf( 5 )

for some function f with positive series coefficients. Such
functions can be considered to be made up of all-to-all ten-
sorial interactions, with

.....

and the elements of the tensors J being independently dis-
tributed with the unit normal distribution [33]. We focus on
marginal minima in models with f’(0) = 0, which corre-
sponds to models without a random external field. Such a
random field would correspond in each individual sample H to
a signal, and therefore complicate the analysis by correlating
the positions of stationary points and the eigenvectors of their
Hessians. Here, p* of (38) is zero.

The marginal optima of these models can be studied with-
out the methods introduced in this paper, and have been in
the past [4,7]. First, these models are Gaussian, so at large
N the Hessian is statistically independent of the gradient and
energy [19,20]. Therefore, conditioning the Hessian can be
done mostly independently from the problem of counting
stationary points. Second, in these models the Hessian at every
point in the landscape belongs to the GOE class with the same
width of the spectrum p, = 24/ f”(1). Therefore, all marginal
minima in these systems have the same constant shift © = ppy,.
Despite the fact that the complexity of marginal optima is well
known by simpler methods, it is instructive to carry through
the calculation for this case, since we will learn some things
about its application in more nontrivial settings.
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Note that in the pure version of these models with f(g) =
%q”, the methods of this section must be amended slightly.
This is because in these models there is an exact correspon-
dence u = —pE between the trace of the Hessian and the
energy, and therefore they cannot be fixed independently. This
correspondence implies that when u = pup,, the corresponding
energy level Ey, = —% Um contains all marginal minima. This
is what gives this threshold energy such singular importance
to dynamics in the pure spherical models.

The procedure to treat the complexity of the spherical
models has been made in detail elsewhere [7]. Here we make
only a sketch of the steps involved. First we notice that u =
%w Tr 00g(x) = w, so that the only Lagrange multiplier @ in
this problem is set directly to the shift x. The substitutions
(34), (35), and (36) are made to convert the Dirac § functions
into exponential integrals, and the substitution (37) is made to
likewise convert the determinant.

Once these substitutions have been made, the entire ex-
pression (31) is an exponential integral whose argument is a
linear functional of H. This allows for the average to be taken
over the disorder. If we gather all the H-dependant pieces
associated with replica a into the linear functional O, then

J

]_[ ds® =dCdRdDdGdQdX dX (detJ)V*(detG)™",

the average over the ensemble of functions H gives

el OaH (X)) — o7 2 2 CaOpHx)H (%))

_ eN% Y3 OO f(2E ). 47)
The result is an integrand that depends on the many vector
variables we have introduced only through their scalar prod-
ucts with each other. We therefore make a change of variables
in the integration from those vectors to matrices that encode
their possible scalar products. These matrices are

Cap = ]vxa * Xp, Ry = _iﬁxa -Xp, Dy = Nf(a - Xy,
1 ) D 1
QZZ = NSZ 'SZ’ Xj;): _lﬁxa'szv X;;;Z ]vxa'sza
1
Gap = T " M- (48)

Order parameters that mix the normal and Grassmann vari-
ables generically vanish in these settings and we don’t
consider them here [34]. This transformation changes the
measure of the integral, with

n
dx,
dx, —— dn,dn, 49
L[l oy o |1 (49)
where J is the Jacobian of the transformation in the real-valued fields. This Jacobian takes a block form
[c iR Xy X, |

iR D X iX,
J = XIT l.XlT Qll an (50)

X' iXI QOw O

The Grassmann integrals produces their own inverted Jacobian. The matrix that make up the blocks of the matrix J are such that
C, R, and D are n x n matrices indexed by their lower indices, O, is an m, X mj; matrix indexed by its upper indices, while X,

is an n x m, matrix with one lower and one upper index.

These steps follow identically to those more carefully outlined in the cited papers [4,7]. Following them in the present case,
we arrive at a form for the complexity of stationary points with fixed energy E, stability u, and lowest eigenvalue A* with

Y (E,w) = lim lim lim

B—o00 n—0m;---m,—0

10 o IR g%
——/dCdeDdeQdXdXdﬂd)k
N on

x exp y nNSssg(B, C, R, D, GIE, i) + nNUssg (A, 0, X, X|B, A*, 11, C)

On
N
+ Elogdet 11—
in

an

Ou| |XT X7

-1 T
Xl

619
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The exponential integrand is split into two effective actions coupled only by a residual determinant. The first of these actions is
the usual effective action for the complexity of the spherical spin glasses, or

N " 1 1 N .
Sssa(B.C.R.D. GIE. ) = BE + lim ~ { ~WTHR+G) + 5 D [B2f(Cur) + 2BRais = Dun)f (Cup)

1
+ (Rgb — Gib)f//(cab)] + 3 log det [iRT D:| — log detG}.

ab

C iR 52)

The second of these actions is analogous to the effective action (8) from the GOE example of Sec. IIB and contains the
contributions from the marginal pieces of the calculation, and is given by

Ussg(h, 0, X, X|B, A*, i1, C)

= AA* + lim
n—>0my--m,—0 n

a=1 a=1

. 1)1 ¢ C- oo N 11
lim —{zlogdetQ — Z <Z,3/LQM + )»/LQaa> +2

n
f ! (Cub)
ab

mq mp

y [ﬂ 5 <ﬂ $°(0) - B - zxx) PRGN — BOL) — 20,80 + ﬁx(z g+ 3 Q;z)] }
o y o o

The fact that the complexity can be split into two relatively in-
dependent pieces in this way is a characteristic of the isotropic
and Gaussian nature of the spherical spin glass. In Sec. IV C
we study a model whose energy is isotropic but not Gaussian
and where such a decomposition is impossible.

There are some dramatic simplifications that emerge from
the structure of this particular problem. First, notice that the
dependence on the parameters X and X are purely quadratic.
Therefore, there will always be a saddle-point condition where
they are both zero. In this case without a fixed or random field,
we except this solution to be correct. We can reason about why
this is so: X, for instance, quantifies the correlation between
the typical position of stationary points and the direction of
their typical eigenvectors. In a landscape without a signal,
where no direction is any more important than any other, we
expect such correlations to be zero: where a state is located
does not give any information as to the orientation of its soft
directions. On the other hand, in the spiked case, or with an
external field, the preferred direction can polarize both the di-
rection of typical stationary points and their soft eigenvectors.
Therefore, in these instances one must account for solutions
with nonzero X and X.

We similarly expect that Q,, =0 for a # b. For the
contrary to be true, eigenvectors at independently sampled
stationary points would need to have their directions cor-
related. This is expected in situations with a signal, where
such correlations would be driven by a shared directional bias
towards the signal. In the present situation, where there is no
signal, such correlations do not exist.

When we take X = X = 0 and QZ}? = 8,0%P, we find that

Ussg(h, 0, 0,018, 1%, 1, C) = Ugor(A, QIB, A*, 1),

with o2 = f”(1). That is, the effective action for the terms
related to fixing the eigenvalue in the spherical Kac—Rice
problem is exactly the same as that for the GOE problem.
This is perhaps not so surprising, since we established from
the beginning that the Hessian of the spherical spin glasses
belongs to the GOE class.

(54)

(53)

The remaining analysis of the eigenvalue-dependent part
Ussg follows precisely the same steps as were made in
Sec. IIB for the GOE example. The result of the calcula-
tion is also the same: the exponential factor containing Ussg
produces precisely the large deviation function G-(u) of
(21) [again with o> = f”(1)]. The remainder of the inte-
grand depending on Sssg produces the ordinary complexity
of the spherical spin glasses without conditions on the Hessian
eigenvalue. We therefore find that

Yo (E, p) = X(E, ) + G (). (55
We find the marginal complexity by solving
0= BB un(E)| = —=Gre(un(EN| .
OA* armg  OAF A0
(56)

which gives un(E) =20 = 24/f”(1) independent of E, as
we presaged above. Since Go(un) = 0, this gives finally

Yn(E) = Zo(E, um(E)) = X(E, fim).

The marginal complexity in these models is thus simply the
ordinary complexity evaluated at a fixed trace p, of the Hes-
sian.

(57)

B. Multispherical spin glasses

The multispherical spin glasses are a simple extension of
the spherical ones, where the configuration space is taken to
be the union of more than one hypersphere. Here we consider
the specific case where the configuration space is the union
of two (N — 1)-spheres, with @ = SV~! x SV~!. The two
spheres give rise to two constraints: for x = [xD, x@] with
components x x@ e RN the constraints are 0 = g1(x) =
1xM)? = N) and 0 = g>(x) = $(Ix?||> — N). These two
constraints are fixed by two Lagrange multipliers w; and w;.

The energy in our multispherical spin glass is given by

H(x) = H (xV) + Hy(x?) — exV . x?, (58)
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The energy H; of each individual sphere is taken to be a
centered Gaussian random function with a covariance given
in the usual spherical spin glass way for x, X' € RY by

HOH,x) = Naijfi(%), (59)
with the functions f; and f, not necessarily the same. As for
the spherical spin glasses, u* of (38) is zero.

In this problem, there is an energetic competition between
the independent spin glass energies on each sphere and their
tendency to align or anti-align through the interaction term.
These models have more often been studied with random
fully connected couplings between the spheres, for which it is
possible to also use configuration spaces involving spheres of
different sizes [35—41]. The deterministically coupled model
was previously studied as a thought experiment [7].

We again make use of the method of Lagrange multipli-
ers to find stationary points on the constrained configuration
space. The Lagrangian and its gradient and Hessian are

L(x) = Hx) + 1o1(IXV)1> = N) + 1o (Ix?]I* — N),

(60)
VHE ©) 3 H(xD) — ex® + wx(V 6D
X, w) = )
Hy(x@) — exV 4 wyx?)
90 H (xV) + ] —el
Hess H(x, w) = ,
—el 8282H2(X(2)) + 0)21
(62)
where 9; = % and 0, = % Like in the spherical spin

glasses, fixing the trace of the Hessian to u is equivalent to
a constraint on the Lagrange multipliers. However, in this
case it corresponds to (= w; + w,, and therefore they are
not uniquely fixed by fixing u.

Since the energy in the multispherical models is Gaussian,
the properties of the matrix d90H are again independent of the
energy and gradient. This means that the form of the Hessian
is parameterized solely by the values of the Lagrange multipli-

J

ers w; and wy, just as u = w alone parameterized the Hessian
in the spherical spin glasses. Unlike that case, however, the
Hessian takes different shapes with different spectral widths
depending on their precise combination. In Appendix C we
derive a variational form for the spectral density of the Hes-
sian in these models using standard methods.

Because of the independence of the Hessian, the method
introduced in this article is not necessary to characterize the
marginal minima of this system. Rather, we could take the
spectral density derived in Appendix C and find the Lagrange
multipliers w; and w, corresponding with marginality by tun-
ing the edge of the spectrum to zero. In some ways the current
method is more convenient than this, since it is a purely
variational method and therefore can be reduced to a single
root-finding exercise.

Unlike the constraints on the configurations x, the con-
straint on the tangent vectors s = sV, 5] € R*N remains
the same spherical constraint as before, which implies N =
s> = s> + |s?®||?>. Defining intra- and inter-sphere
overlap matrices

0 = e
this problem no longer has the property that the diagonal of
the Qs is one, but instead that 1 = Qéfll*"“" + Qﬁg’““. This is
the manifestation of the fact that a normalized vector in the
tangent space of the multispherical model need not be equally
spread over the two subspaces but can be concentrated in one
or the other.

The calculation of the marginal complexity in this problem
follows very closely to that of the spherical spin glasses in the
previous subsection. We immediately make the simplifying
assumptions that the soft directions of different stationary
points are typically uncorrelated and therefore X =X =0
and the overlaps Q between eigenvectors are only nonzero
when in the same replica. The result for the complexity has
the schematic form of (51), but with different effective actions
depending now on overlaps inside each of the two spheres
and between the two spheres. The effective action for the
traditional complexity of the multispherical spin glass is

s(j):)” (63)

SMSG(B’ CII,RH,DH, Gll, C22,R22, D22, G22,C12,R12,R21,D12, GIZ’ G21|E, w1, wz)

= B(E — E\ — Ex — ec}f) + Sssa(B. C"', R", D", G |Ey, 1)

A 1 A
+SSSG(,37 C22,R22,D22, (;22|E27 (1)2) 4 liII%)—{ETI"(Rlz +R21 4 G12 4 G21 _ IBCIZ)
n—>0n

Cll

1 R T2 jR21[ 22
+§10gdet I_|:iR” D11:| |:iR21 D12:||:iR22

iR22 -1 c”?
D22:| |:iR21

iRZl

D12:| —logdet( — (G"'G*)7'G"G*) ¢,

(64)

which is the sum of two effective actions (52) for the spherical spin glass associated with each individual sphere, and some
coupling terms. The order parameters are defined the same as in the spherical spin glasses, but now with raised indices to
indicate whether the vectors come from one or the other spherical subspace. The effective action for the eigenvalue-dependent
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part of the complexity is likewise given by

Unisc(§, &, Q' 0%, 0B, 1*, w1, @)

=1
m—0

m :Z[qa(Qll,aa + Q22,(XO{ _ 1) _ ﬁ(lell,(xa +a)2Q22,a(x _ 26Q12,a(x)] _ X(a)lQll,ll +w2Q22,ll _ 26Q|2,11)
a=1

"o LI o 1 11 12
+2 f/’(l)[ﬁz D QMY +2p1 Y Q1) + AZ(Q”'”)Z} + 3 log det [gu gzz]}~ (65)
ay o

i=1,2

The new variables §* are Lagrange multipliers introduced to enforce the constraint that Q'1%¢ 4 9?2%* — 1. Because of this
constraint, the diagonal of the Q matrices cannot be taken to be one as in Sec. II B. Instead we take each of the matrices o',
0??, and Q'? to have the planted replica symmetric form of (9), but with the diagonal not necessarily equal to one, so

i i)

rGi G

d: 49 4 4y
i; 4] ag qq
0'=1\4 4y ai % (66)
47 99 40 4, _

This requires us to introduce two new order parameters q”ﬁij and q;j per pair (i, j), in addition to the off-diagonal order parameters
gg and g already present in (9). We also need two separate Lagrange multipliers § and g to enforce the tangent space
normalization q},l + q‘zl2 = l and c]{ljl + q”(zl2 = 1 for the tilde and untilde replicas, respectively, which will in general take different
values at the saddle point. When this ansatz is inserted into the expression (65) for the effective action and the limit of m — 0 is

taken, we find
12 <12

Unis (3,44, 40’ G0+ 44~ 90+ 40> 0> 43+ @0+ a0 4a> 40° | B, 27> o1, 2)
= > A O ~ (@) +2(a8)" ~2(@)°) +264((@0)° — @))") +3(@) ]~ Adjor — (@i — gi)eor}
i=1,2

~11 22

1 _ e 11 . . e
+ 5 log [(2g0%d0* — @2 (G + af) — 240" ag” + 43\ ad> + @y a7 ) (2a0%dy — ay> (G + af) — 245" a3” + 4}

11 ~22 11 ~22

) 20 - @) - 2 - 30 @) - @) -+ a)
- (L) - @) - )~ 20+ B ) (@) - @) -+ 2 )

—log [(ai' — ai') (a3 — @) — (0’ — a®) 1+ 2¢[Aa)? + B(ai? — a))] — alal' +a* = 1) + (@) + a7 — 1)-

To make the limit to zero temperature, we once again need
an ansatz for the asymptotic behavior of the overlaps. These
take the form ¢ = ¢/ — y§ B~" — z/ 2. Notice that in this
case, the asymptotic behavior of the off-diagonal elements is
to approach the value of the diagonal rather than to approach
one. We also require §; = ¢ — ¥ B~ —Z/B 72, i.e., that the
tilde diagonal terms also approach the same diagonal value as
the untilde terms, but with potentially different rates.

As before, in order for the logarithmic term to stay finite,
there are necessary constraints on the values y. These are

0 =7 =x' -7 (68)
107 =37 =y -3 (69)
SO0 =57) =y =50 (70)

(67)

(

One can see that when the diagonal elements are all equal,
this requires the ys for the off-diagonal elements to be equal,
as in the GOE case. Here, since the diagonal elements are not
necessarily equal, we have a more general relationship.
When the 8 dependence of the g variables is inserted into
the effective action (67) and the limit 8 — oo taken, we find
an expression that is too large to report here. However, it can
be extremized over all of the variables in the problem just as
in the previous examples to find the values of the Lagrange
multipliers w; and w, corresponding to marginal minima.
Figure 2(a) shows examples of the w; and w, corresponding to
marginal spectra for a variety of couplings € when the covari-
ances of the energy on the two spherical subspaces are such
that 1 = f{'(1) = £'(1). Figure 2(b) shows the Hessian spec-
tra associated with some specific pairs (w;, w;). When € =0
and the two spheres are uncoupled, we find the result for two
independent spherical spin glasses: if either w; = 2/ f"(1) =
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FIG. 2. Properties of marginal minima in the multispherical
model. (a) Values of the Lagrange multipliers w; and w, corre-
sponding to a marginal spectrum for multispherical spin glasses
with of = f/'(1) =1, 6} = f;/(1) = 1, and various €. (b) Spectra
corresponding to the parameters w; and w, marked by the circles in
panel (a). (c) The complexity of marginal minima in a multispher-
ical model with fi(q) = %cf and f>(q) = ﬁq“ for a variety of e.
Since f{'(1) = f;'(1) = 1, the marginal values correspond precisely
to those in panels (a) and (b).

2 or wp = 24/f"(1) = 2 and the other Lagrange multiplier is
larger than two, then we have a marginal minimum made up of
the Cartesian product of a marginal minimum on one subspace
and a stable minimum on the other.

Fig. 2(c) shows the complexity of marginal minima in
an example where both H; and H, correspond to pure p-
spin models, with fi(¢) = t4* and f2(q) = 15¢*. Despite
having different covariance functions, these both satisfy 1 =

/(1) = f;/(1) and therefore have marginal minima for La-
grange multipliers that satisfy the relationships in Fig. 2(a). In
the uncoupled system with € = 0, the most common type of
marginal stationary point consists of independently marginal
stationary points in the two subsystems, with w; = w, = 2.
As € is increased, the most common type of marginal mini-
mum drifts toward points with w; > w;.

Multispherical spin glasses may be an interesting platform
for testing ideas about which among the possible marginal
minima can attract dynamics and which cannot. In the limit
where € = 0 and the configurations of the two spheres are in-
dependent, the minima found dynamically should be marginal
on both subspaces. Just because technically on the expanded

configuration space the Cartesian product of a deep stable
minimum on one sphere and a marginal minimum on the
other is a marginal minimum on the whole space doesn’t
mean the deep and stable minimum is any easier to find. This
intuitive idea that is precise in the zero-coupling limit should
continue to hold at small nonzero coupling, and perhaps reveal
something about the inherent properties of marginal minima
that do not tend to be found by algorithms.

C. Sums of squared random functions

In this subsection we consider perhaps the simplest ex-
ample of a non-Gaussian landscape: the problem of sums
of squared random functions. This problem has a close re-
semblance to nonlinear least squares optimization. Though,
for reasons we will see it is easier to make predictions for
nonlinear most squares, i.e., the problem of maximizing the
sum of squared terms. We again take a spherical configura-
tion space with x € S¥~! and 0 = g(x) = 1(|[x||> — N) as in
the spherical spin glasses. The energy is built from a set of
M = aN random functions Vj : S"~! — R that are centered
Gaussians with covariance

N (71)

— X-x

Vix)V;(x') = 6;;f| —— )-
Each of the V; is an independent spherical spin glass. The total
energy is minus the sum of squares of the V;, or

1 M
HEX) = =5 ) Vi)™ (72)
k=1

The landscape complexity and large deviations of the ground
state for the least-squares version of this problem were
recently studied in a linear context, with f(q) = 02 + ag
[42—45]. Some results on the ground state of the general non-
linear problem can also be found in Ref. [46], and a solution
to the equilibrium problem can be found in Ref. [47]. Those
works indicate that the low-lying minima of the least squares
problem tend to be either replica symmetric or full replica
symmetry breaking. To avoid either a trivial analysis or a very
complex one, we instead focus on maximizing the sum of
squares, or minimizing (72).

The minima of (72) have a more amenable structure for
study than the maxima, as they are typically described by a
1rSB-like structure. There is a heuristic intuition for this: in
the limit of M — 1, this problem is just minus the square of a
spherical spin glass landscape. The distribution and properties
of stationary points low and high in the spherical spin glass
are not changed, except that their energies are stretched and
maxima are transformed into minima. Therefore, the bottom
of the landscape doesn’t qualitatively change. The top, how-
ever, consists of the zero-energy level set in the spherical spin
glass. This level set is well connected, and so the highest states
should also be well connected and flat.

Focusing on the bottom of the landscape and therefore
dealing with a 1RSB-like problem makes our analysis easier.
Algorithms will tend to be stuck in the ways they are in hard
optimization problems, and we will be able to predict where.

004100-12

689
690
691
692
693
694
695
696

697

698
699
700
701
702
703
704
705
706
707

708

709

710

71
712
713
714
715
716
717
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733
734
735
736

737



EU12660

738
739
740
741
742
743
744
745
746
747

748

PRE December 22, 2024 6:3

CONDITIONING THE COMPLEXITY OF RANDOM ...

PHYSICAL REVIEW E 00, 004100 (2024)

Therefore, we will study the most squares problem rather
than the least squares one. We calculate the complexity of
minima of (72) in Appendix D, which corresponds to maxi-
mizing the sum of squares, under a replica symmetric ansatz
(which covers 1RSB-like problems) for arbitrary covariance f,
and we calculate the complexity of marginal minima in this
section.

As in the previous sections, we used the method of
Lagrange multipliers to analyze stationary points on the
constrained configuration space. The Lagrangian and its as-
sociated gradient and Hessian are

1 M
Lx, ) = =5 (Z Ve(x)? — o([Ix|* - N)>, (73)
k

M

VH(x, ) = — Y _ Vi(®)dVi(x) + X, (74)
k

J

Mg

NE. . W) = /dﬁdi]}n}ﬂ@o]j[lwz

. . 1
X exp {S“IN(/SE + A — E/arldz [

M

Hess H(X, ) = — 3  [aVi(X)dVi(X) — Vi (x)33Vi(X)] + ol
k

(75)

Unlike in the spherical and multispherical spin glasses, the
value p* defined in (38) giving the typical value of 1lv TrooH
is not always zero. Instead u* = —f’(0), nonzero where there
is a linear term in V. Fixing the trace of the Hessian is
therefore equivalent to constraining the value of the Lagrange
multiplier o = u + f/(0).

The derivation of the marginal complexity for this model
is complicated, but can be made schematically like that of the
derivation of the equilibrium free energy by use of superspace
coordinates. Following the framework outlined in Sec. III C,
the replicated number of stationary points conditioned on
energy E, trace u, and minimum eigenvalue A* is given by

M
BU(1,2) Y Vi(#2(1,2))" = (u + £/ O)] g1, 2)}!2} } (76)

k=1

The first step to evaluate this expression is to linearize the dependence on the random functions V. This is accomplished by
inserting into the integral a Dirac § function fixing the value of the energy for each replica, or

S(Ve(92(1,2)) — vl (1,2)) = /df),‘faexp [i/dlef),‘fa(l,2)(Vk(¢j(1,2)) —v,‘fa(l,Z))],

(77)

where we have introduced auxiliary superfields v. With this inserted into the integral, all other instances of V are replaced by v,
and the only remaining dependence on the disorder is from the term 9V arising from the Fourier representation of the Dirac §
function. This term is linear in V, and therefore the random functions can be averaged over to produce

n

M

M n my 1
exp [iZZZ/d]dZ ﬁ;;fa(l,z)vk(¢g(1,2))] = —EZZZ/dlth d4d%(1,2)f (¢4 (1,2) - 91 (3, 4))0], (3, 4).
k a a

ab ay

The entire integrand is now factorized in the indices k and quadratic in the superfields v and d with the kernel

B%(1,2)6(1,3)8(2,4)8,6%

[ i5(1,3)8(2, 4)8,,6%”

The integration over v and ¥ results in a term in the effective action of the form

— %log sdet [8(1,3)8(2, 4)8,8%7 + B*(1,2)f (¢2(1.2) - ¢} (3,4))].

k

(78)
16(1,3)8(2, 4)8,,0%7 79
floe(1,2)-¢73,4) |

(80)

When expanded, the supermatrix ¢9 (1, 2) - ¢}7’ (3, 4) is constructed of the scalar products of the real and Grassmann vectors that
make up ¢. The change of variables to these order parameters again results in the Jacobian of (50), contributing

N N 2
5 logdetJ — B logdet G

to the effective action.

(81)

Up to this point, the expressions are general and independent of a given ansatz. However, we expect that the order parameters
X and X are zero, since again we are in a setting with no signal or external field. Applying this ansatz here avoids a dramatically
more complicated expression for the effective action. We also will apply the ansatz that Q) is zero for a # b, which is

equivalent to assuming that the soft directions of typical pairs of stationary points are uncorrelated, and further that Q%Y = Q,,

oy

independently of the index a, implying that correlations in the tangent space of typical stationary points are the same.
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Given this ansatz, taking the superdeterminant in (80) yields

- ]g log det [ [f’(C) ©D—pBl+ <R02 —GP+1Y 26" A+ B A+ ﬂ)(Q“y)z) © f“(C)]f(C) +UI—RO f(C))

ay

— n% log det[dq,, — 2(8414 + B)OY1 4+ M logdet[I + G © f/(C)]. (82)
where once again © is the Hadamard product and A°" gives the Hadamard power of A. We can already see one substantive
difference between the structure of this problem and that of the spherical models: the effective action in this case mixes the
order parameters G due to the Grassmann variables with the ones C, R, and D due to the other variables. Notice further that the
dependence on Q due to the marginal constraint is likewise no longer separable into its own term. This is the realization of the
fact that the Hessian is no longer independent of the energy and gradient.

Now we have reduced the problem to an extremal one over the order parameters 3, ):, C,R, D, G, and Q, it is time to make
an ansatz for the form of order we expect to find. We will focus on a regime where the structure of stationary points is replica
symmetric, and further where typical pairs of stationary points have no overlap. This requires that f(0) = 0, or that there is no

constant term in the random functions. This gives the ansatz

C=1, R=rl, D=dl, G=gl. (83)
We further take a planted replica symmetric structure for the matrix Q, identical to that in (9). This results in
1 ad A a N .
(B, ) = lim — / dB di.drdd dgdgydgoe"™ s P-4-rd-sq0-Golk" Enf) (84)
n— n
with an effective action
Srss(B, 4,1 d, g qo. dolA*, E, i, B)
N ) A 1 d+r* 1-2q0+q
:ﬁE—(u+f(0))(r+g+x)+M*+—1og( L= 2"0)
2 g (1 = qo)
I b Af'(D[BA = qo) + 54 = BB + (1 =240 + 35) f'(1)]
2 [1—2(1 —gqo)Bf' (D)
FOU (W = B = [/ — & +4g38° — 4G5S + 1) +4pA + 202)] + (1 — rf' (1))
X — . (85)
[1+gf (D]

We expect as before the limits of gy and gy as S goes to infinity to approach one, defining their asymptotic expansion like in (15)
and (16). Upon making this substitution and taking the zero-temperature limit, we find

A a A N N 1
Srss(B, A, r,d, gy, Az|A* E, p, OO)=ﬂE—(M+f/(0))(r+g+?»)+?»?»*+510g< &2

d+r?

y? — 2Az>
x 2
y

o (1 — 202y + 1)/ (1) + 407 — 289 f'(1)?
2

[1—2yf" (1))

SO (Dd = B = /()0 — & + 8O+ Az) +202)] +[1 - rf/(l)]2> )

We can finally write the complexity with fixed energy E,
stability ©, and minimum eigenvalue A* as

X (E, )

= extremum Sgss(B, A, 1, d, g, y, Az|A*, E, 11, 00).
B,i,r,d,g,y,Az

(87)

Note that, unlike the previous two examples, the effective
action in this case does not split into two largely independent
pieces, one relating to the eigenvalue problem and one relat-
ing to the ordinary complexity. Instead, the order parameters
related to the eigenvalue problem are mixed throughout the
effective action with those of the ordinary complexity. This

[1+gf" (D

(

is a signal of the fact that the sum of squares problem is not
Gaussian, while the previous two examples are. In all non-
Gaussian problems, conditioning on properties of the Hessian
cannot be done independently from the complexity, and the
method introduced in this paper becomes necessary.

The marginal complexity can be derived from (87) using
the condition (32) to fix u to the marginal stability pumn(E)
and then evaluating the complexity at that stability as in (33).
Figure 3 shows the marginal complexity in a sum-of-squares
model with & = 3 and f(q) = ¢* + ¢°. Also shown is the
dominant complexity computed in Appendix D. As the figure
demonstrates, the range of energies at which marginal minima
are found can differ significantly from those implied by the
dominant complexity, with the lowest energy significantly
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FIG. 3. Dominant and marginal complexity in the nonlinear sum
of squares problem for o = % and f(q) = ¢* + ¢°. The ground-state
energy E, and the threshold energy Ey, are marked on the plot.

higher than the ground state and the highest energy signifi-
cantly higher than the threshold.

Figure 4 shows the associated marginal stability umy, (E) for
the same model. Recall that the definition of the marginal
stability in (32) is that which eliminates the variation of
Y+ (E, u) with respect to A* at the point A* = 0. Unlike in the
Gaussian spherical spin glass, in this model u, (E) varies with
energy in a nontrivial way. The figure also shows the dominant
stability, which is the stability associated with the dominant
complexity and coincides with the marginal stability only at
the threshold energy.

Because this version of the model has no signal, we were
able to use the heuristic (32) to fix the marginal stability.
However, we could also have used the more general method
for finding a pseudogapped Hessian spectrum by locating the
value of w at which the complexity develops an imaginary
part, as described in Sec. II C and pictured in Fig. 1. The real
and imaginary parts of the complexity Xo(E, n) are plotted
in Fig. 5 as a function of u at fixed energy. The figure also
shows the marginal stability u,, predicted by the variational

3457 — im
= Hdom
34.0r b
u
33.5 r ]
33.0 ]
1 1 1 L L L L L L L L L L L L
-6.8 -6.7 -6.6 -6.5 -6.4 -6.3
E

FIG. 4. The stability, or shift of the trace, for dominant and

marginal optima in the nonlinear sum of squares problem for o = 2

2
and f(q) = ¢* + ¢’

0.08F o ‘ R
“m — Real part ]
r Imagina art
0.06 - gmarypart |
’:T: L
o 0.04
= L
0.02- 7
000 i L L L 1 L L L J n n T n A W L T |
32.0 32.5 33.0 33.5 34.0
M

FIG. 5. Real and imaginary parts of the complexity X (E, u)
with fixed minimum eigenvalue A* = 0 as a function of u in the
nonlinear sum of squares problem with @ = 2, f(¢) = ¢* + ¢, and
E ~ —6.47. The vertical line depicts the value of the marginal sta-
bility pp,.

approach (32). The marginal stability corresponds to precisely
the point at which an imaginary part develops in the complex-
ity. This demonstrates that the principles we used to determine
the marginal stability continue to hold even in non-Gaussian
cases where the complexity and the condition to fix the mini-
mum eigenvalue are tangled together.

In a related paper, we use a sum of squared random func-
tions model to explore the relationship between the marginal
complexity and the performance of two generic algorithms:
gradient descent and approximate message passing [21]. We
show that the range of energies where the marginal complexity
is positive does effectively bound the performance of these
algorithms. At the moment the comparison is restricted to
models with small polynomial powers appearing in f(g) and
with small « for computational reasons. However, using the
dynamical mean-field theory results already found for these
models it should be possible to make comparisons in a wider
family of models [48,49].

The results for the marginal complexity are complimentary
to rigorous results on the performance of algorithms in the
least squares case, which focus on bounds for o and the
parameters of f necessary for zero-energy solutions to exist
and be found by algorithms [50,51]. After more work to eval-
uate the marginal complexity in the full RSB case, it will be
interesting to compare the bounds implied by the distribution
of marginal minima with those made by other means.

V. CONCLUSIONS

We have introduced a method for conditioning complex-
ity on the marginality of stationary points. This method is
general, and permits conditioning without first needing to
understand the statistics of the Hessian at stationary points.
We used our approach to study marginal complexity in three
different models of random landscapes, showing that the
method works and can be applied to models whose marginal
complexity was not previously known. In related work, we
further show that marginal complexity in the third model of
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sums of squared random functions can be used to effectively
bound algorithmic performance [21].

There are some limitations to the approach we relied on in
this paper. The main limitation is our restriction to signalless
landscapes, where there is no symmetry-breaking favored di-
rection. This allowed us to treat stationary points with isolated
eigenvalues as atypical and therefore find the marginal stabil-
ity upy using a variational principle. However, most models
of interest in inference have a nonzero signal strength and
therefore often have typical stationary points with an isolated
eigenvalue. As we described, marginal complexity can still
be analyzed in these systems by tuning the shift w until the
large-deviation principle breaks down and an imaginary part
of the complexity appears. However, this is an inconvenient
approach. It is possible that a variational approach can be
preserved by treating the direction toward and the directions
orthogonal to the signal differently. This problem merits fur-
ther research.

Finally, the problem of predicting which marginal minima
are able to attract some dynamics and which cannot attract
any dynamics looms large over this work. As we discussed
briefly at the end of Sec. IV B, in some simple contexts it is
easy to see why certain marginal minima are not viable, but
at the moment we do not know how to generalize this. Ideas
related to the self-similarity and stochastic stability of minima
have recently been suggested as a route to understanding this
problem, but this approach is still in its infancy [52].

The title of our paper and that of Miiller er al. suggest
they address the same topic, but this is not the case [53]. That
work differs in three important and fundamental ways. First,
it describes minima of the Thouless, Anderson, and Palmer
(TAP) free energy and involves peculiarities specific to the
TAP. Second, it describes dominant minima which happen to
be marginal, not a condition for finding subdominant marginal
minima. Finally, it focuses on minima with a single soft di-
rection (which are the typical minima of the low temperature
Sherrington—Kirkpatrick TAP free energy), while we aim to
avoid such minima in favor of ones that have a pseudogap
(which we argue are relevant to out-of-equilibrium dynamics).
The fact that the typical minima studied by Miiller et al.
are not marginal in this latter sense may provide an intuitive
explanation for the seeming discrepancy between the proof
that the low-energy Sherrington—Kirkpatrick model cannot be
sampled [54] and the proof that a message-passing algorithm
can find near-ground states [55]: the algorithm finds the atyp-
ical low-lying states that are marginal in the sense considered
here but cannot find the typical ones considered by Miiller
etal
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APPENDIX A: A PRIMER ON SUPERSPACE

In this appendix we review the algebra of superspace [56].
The superspace RV'?? is a vector space with N real indices and
2D Grassmann indices 8y, 6, . .., 8p, 6p. The Grassmann in-
dices anticommute like fermions. Their integration is defined

by

/d@@:l, /d@l:O. (A1)
Because the Grassmann indices anticommute, their square is
always zero. Therefore, any series expansion of a function
with respect to a given Grassmann index will terminate ex-
actly at linear order, while a series expansion with respect to
n Grassmann variables will terminate exactly at nth order. If
f is an arbitrary superspace function, then the integral of f
with respect to a Grassmann index can be evaluated using this
property of the series expansion by

fde(aer@):/d@ [f (@) + f(@bd] = f'(@)b. (A2)

This kind of behavior of integrals over the Grassmann indices
makes them useful for compactly expressing the Kac—Rice
measure. To see why, consider the specific superspace RV/2,
where an arbitrary vector can be expressed as

¢(1) =x+6in + 76, + 6,6,i%, (A3)

where x,% € RY and 7,5 are N-dimensional Grassmann
vectors. The dependence of ¢ on 1 indicates the index of
Grassmann variables 0;, 8, inside, since we will sometimes
want to use, e.g., ¢(2) defined identically save for substitu-
tion by 6, 6. Consider the series expansion of an arbitrary
function f of this supervector:

f@() = f(X) + Brn + 76 + 6,6,i%)" 9 f (x)

+ 361 +761)" 90 f(x)(B1n + 7161)

= f(X) + (B1n + 76 +6,6,i%)" 0 f (x)
—6:6:7" 90 f (X,

where the last step we used the fact that the Hessian matrix
is symmetric and that squares of Grassmann indicies vanish.
Using the integration rules defined above, we find

(A4)

fd91 dby f(p(1) = R af(x) — 7" ddf(x)n.  (AS)

These two terms are precisely the exponential representation
of the Dirac § function of the gradient and determinant of the
Hessian (without absolute value sign) that make up the basic
Kac—Rice measure, so that we can write

/ dx §(VH (x)) det Hess H(x)

A

dx
QmN

:/d¢el'dlﬂ<¢<1>>,

where we have written the measures d1 = d6; df; and d¢ =
dxdndn %. Besides some deep connections to the physics
of BRST, this compact notation dramatically simplifies the
analytical treatment of the problem. The energy of stationary
points can also be fixed using this notation by writing

/ de df ePE+] 41 (1=Bai6DH (1)

ixT VH (x)—7" Hess H(X)n

:/dxdﬁdn e

(A6)

(AT)
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which a small calculation confirms results in the same expres-
sion as (35).

The reason why this transformation is a simplification is
because there are a large variety of superspace algebraic and
integral operations with direct corollaries to their ordinary real
counterparts. For instance, consider a super linear operator
M(1, 2), which like the super vector ¢ is made up of a linear
combination of N x N regular or Grassmann matrices indexed
by every nonvanishing combination of the Grassmann indices
61, 61, B>, 6. Such a supermatrix acts on supervectors by
ordinary matrix multiplication and convolution in the Grass-
mann indices, i.e.,

Me)(1) = /d2M(1,2)¢(2). (A8)
The identity supermatrix is given by
8(1,2) = (61 — 62) (6 — O)I. (A9)

Integrals involving superfields contracted into such operators
result in schematically familiar expressions, like that of the
standard Gaussian:

/d(pe—%fdld2¢(l)TM(1.2)¢(2) — (sdetM)_l/z, (AlO)

where the usual role of the determinant is replaced by the
superdeterminant. The superdeterminant can be defined us-
ing the ordinary determinant by writing a block version of
the matrix M. If e(1) = {1, 6,6,} is the basis vector of the
even subspace of the superspace and f(1) = {6, 6,} is that
of the odd subspace, dual bases e’(1) = {66, 1} and £T(1) =
{—61, 0} can be defined by the requirement that

fdlej(l)ej(l)za,-j, /d1ﬁ*(1)fj(1)=5ij, (A11)
/dlej(l)f,-(l):o, /dlff(l)ej(l)zo. (A12)

With such bases and dual bases defined, we can form a block
representation of M in analogy with the matrix form of an
operator in quantum mechanics by*

/d1d2|:eT(1)M(1, 2)e(2)
(M, 2)e2)

1

where each of the blocks is a 2N x 2N real matrix. Then the
superdeterminant of M is given by

e (DM(1, 2)F(2)
£ (M1, 2)F(2)

(A13)

sdet M = det(A — BD™'C)det(D)"!, (A14)

which is the same as the normal expression for the determi-
nant of a block matrix save for the inverse of det D. Likewise,
the supertrace of M is is given by

sTrM =TrA — TrD. (A15)

The same method can be used to calculate the superdeter-
minant and supertrace in arbitrary superspaces, where for
RN2ZD each basis has 22P~! elements. For instance, for RV!4

we have
e(1,2) ={1, 60,01, 6201, 6,01, 0,61, 0,6, 6,6,, 6,6,6,0,},
£(1,2) ={61, 01, 61, 62, 016105, 0:0,01, 6,6,6,, 6,60,6,},
(A16)

with the dual bases defined analogously to those above.

APPENDIX B: BECCHI-ROUET-STORA-TYUTIN
SYMMETRY

When the trace p is not fixed, there is an unusual symmetry
in the dominant complexity of minima [30-32]. This arises
from considering the Kac—Rice formula as a kind of gauge
fixing procedure [57]. Around each stationary point consider
making the coordinate transformation u = VH (x). Then, in
the absence of fixing the trace of the Hessian to u, the Kac—
Rice measure becomes

/dv(x,w|E)=/Zdu5(u)8(NE—H(x(,)), (B1)

where the sum is over stationary points o. This integral has a
symmetry of its measure of the form u — u + du. Under the
nonlinear transformation that connects u and x, this implies
a symmetry of the measure in the Kac—Rice integral of x +—
X + (Hess H)~'8u. This symmetry, while exact, is nonlinear
and difficult to work with.

When the absolute value function has been dropped and
Grassmann vectors introduced to represent the determinant
of the Hessian, this symmetry can be simplified considerably.
Due to the expansion properties of Grassmann integrals, any
appearance of —7n" in the integrand resolves to (Hess H)™'.
The symmetry of the measure can then be written

X > x—r']nTSu:x—i—ﬁ(Se, (B2)

where ¢ = —n7 8u is a Grassmann number. This establishes
that §x = b€, now linear. The rest of the transformation can
be built by requiring that the action is invariant after expansion
in §e. This gives

5x = 7ide, 8% = —ipide, n= —ikse, 87 =0, (B3)
so that the differential form of the symmetry is
d .. 0 B

D=ij-— —iffj- — —i%- —, B4

Mo TP TR, B4)

The Ward identities associated with this symmetry give rise
to relationships among the order parameters. These identities
come from applying the differential symmetry to Grassmann-
valued order parameters and are

1 1
0= ND(XL: SMp) = N[(r_]a M) — (X - Rp)]
= Gab +Rab’ (BS)
j 1 .
0= Jivma 1) = BT ) + (% %0)]
= BGuy + Dup. (B6)

These identities establish G, = —Ry, and D, = BRab, al-
lowing elimination of the matrices G and D in favor of R.
Fixing the trace to p explicitly breaks this symmetry, and the
simplification is lost.
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APPENDIX C: SPECTRAL DENSITY IN THE MULTISPHERICAL SPIN GLASS

In this Appendix we derive an expression for the asymptotic spectral density of the Hessian in the two-sphere multispherical
spin glass that we describe in Sec. IV B. We use a typical approach of employing replicas to compute the resolvent [58]. The
resolvent for the Hessian of the multispherical model is given by an integral over y = [y", y®] € R?V as

" 1
G\ = lim/ Iyl | |dya exp{——yZ(HessH(x, a))—M)ya}
n—0 1 2

a=

n T
L w2 @2 1 y» N H (xV) + w1 —el ~ y
= lim [ ("7 + 193717) [Tdva exp 2[y§3) el Do)+ et | y®

a=1

If Yu(lij ) = Ii\,yff) . y,(]j ) is the matrix of overlaps of the vectors y, then a short and standard calculation involving the average over
H and the change of variables from y to Y yields

GRy=Nlim [ dy (ri" + 7)™, (€2)
where the effective action S is given by
RN RS 2 S
sy =lm I 3 2 LA OOGY) + BOEE) T+ 3 D 26807 + 6 —onrg? + (= onr?)]
ab a
1 ydhya2)
+ 5 IOg det |:Y(12)Y(22)1| } , (CS)

Making the replica symmetric ansatz ¥/ = y(#3,, for each of the matrices ¥ /) yields
S = 1A MO + DO+ ey + I — o)y + (L — w2)y®] + §log(r1Vy@ — yI2y12) (4
while the average resolvent becomes
GOy =NG +y) (C5)

for y' and y®? evaluated at a saddle point of S. The spectral density at large N is then given by the discontinuity in its
imaginary point on the real axis, or

o(A) = ;(G(A +i0t) — G(A +i07)). (C6)
2mwiN

APPENDIX D: COMPLEXITY OF DOMINANT OPTIMA FOR SUMS OF SQUARED RANDOM FUNCTIONS

Here we share an outline of the derivation of formulas for the complexity of dominant optima in sums of squared random
functions of Sec. IV C. While in this paper we only treat problems with a replica symmetric structure, formulas for the effective
action are generic to any RSB structure and provide a starting point for analyzing the challenging full RSB setting.

Using the RV superfields

¢u(1)=Xa+élna+F]u01 +élelﬁav (Dl)

the replicated count of stationary points can be written
J SO i
N(E, ”:/d de. NE——/dlBl Vida(1)? — (1 + f/ON 1 pa (D] D2
(E, 1u) ﬁg ¢GXP[5 > ((); (@a(1))> = (1t + £/ OD 1 da(D] (D2)

for B(1) = 1 — 86,6,. The derivation of the complexity follows from here nearly identically to that in Appendix A.2 of Fyodorov
and Tublin with superoperations replacing standard ones [44]. First we insert Dirac § functions to fix each of the M energies

Vi(¢a(1)) as

S(Vi(@a(1)) — vka(1)) = fdf)ka exp [ifdl Oka (1) (Vie(da(1)) — Uka(l))i|- (D3)
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The squared V; appearing in the energy can now be replaced by the variables vy, leaving the only remaining dependence on the
disordered V in the contribution of (D3), which is linear. The average over the disorder can then be computed, which yields

e ) B 1 ) $a(1) - Pp(2) .
exp i) ) [ dld(WVe(@a(D) | =exp| =2 > 3 [ dld2tu(f (= | @) |- (D4)

k=1 a=1 k=1 ab

The result is factorized in the indices k and Gaussian in the superfields v and ¥ with kernel

B(1)8,56(1,2)  i8,0(1,2) D5
i8.8(1,2) f(%(lxﬁb@)) ’ (D3)
Making the M independent Gaussian integrals, we find
0 [ a1 AN 2
NE. = [ dp (11 d@) exp {nNﬁE HEEY [ariea
— %logsdet [Sach(l,Z)—i—B(l)f(M):“. (D6)

We make a change of variables from the fields ¢ to matrices Q(1,2) = Ilvqba(l) - ¢p(2). This transformation results in a change
of measure of the form

ndd)a =dQ (sdetQ)% =dQ exp [g log sdet Qi|. (D7)
a=1

‘We therefore have

NE, p)' = / dp dQ exp {nNBE + N%f,(o) sTrQ + %V log sdet Q — %4 log sdet [8,,8(1, 2) + B(1)f(Qup(1, 2))]}.
(D8)
We now need to blow up our supermatrices into our physical order parameters. We have from the definition of ¢ and Q that
Qus(1,2) = Cap — Gap(0162 + 6261) — Rup(0161 + 626) — D 16010,6,0,, (D9)

where C, R, D, and G are the matrices defined in (48). Other possible combinations involving scalar products between fermionic
and bosonic variables do not contribute at physical saddle points [34]. Inserting this expansion into the expression above and
evaluating the superdeterminants and supertrace, we find

NE, ) = / dBdCdRdD dG "™ S B.CRD.G) (D10)

where the effective action is given by

Skr(B,C,R, D, G) = BE + lim % (—(u + f/(0) Tr(G +R) + % log det[G~2(CD + R*)] + a logdet[l + G ® f'(C)]

- %bgdet[(f’(c) OD—BI+(G* - R*) O f'(C)NfC)+U —R Gf/(C))Z]), (D11)

where O gives the Hadamard or componentwise product between the matrices and A°" gives the Hadamard power of A, while
other products and powers are matrix products and powers.

In the case where p is not specified, we can make use of the BRST symmetry of Appendix B whose Ward identities give
D = BR and G = —R. Using these relations, the effective action becomes particularly simple:

Skr(B,C,R) = BE + % lim %(log det(I + BCR™") — wlogdet[I — Bf(C)I —R O f/(C))~'. (D12)

This effective action is general for arbitrary matrices C and R, and therefore arbitrary RSBorder. When using a replica symmetric
ansatz of C,p = 84p + co(1 — 84p) and Ry, = 1845 + ro(1 — 8,4p), the resulting function of B, ¢, r, and ry is

) P | Bl - co) Botrg  n | o« _BU) = F(eo))
LS‘KR('B’CO’F”’O)_'BE+2|:10g <1+ r—rp )+B(1—c0)+r—ro r—roj| 2|:10g (1 1—rf’(1)+r0f’(co)>
B B (co) + rof'(co) n rof’(co)
1—B(f(1) = fco)) —rf' ) +rf(co)  L—rf(D)+rfco) |

(D13)
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When f(0) = 0 as in the cases directly studied in this work, this further simplifies as ¢y = ry = 0. The effective action is then

A A 1
Skr(B. 1) = BE + zlog (l +

B o
— —1
r) 2 8

(1 _ AW ) (D14)
1—rf(1)

Extremizing this expression with respect to the order parameters B and r produces the red line of dominant minima shown in

Fig. 3.
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