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We ~,ludv the clusters generated in the Swcndsen-Wang algorithm in a magnetic ticld. It is 
shown that the number of clusters is related to that of Coniglio and Klein by simple [actors. 
With this delinition of clusters, inlinite size appears whenever the system has a nonzero 
magnetization. Scaling behavior of  the number of clusters near the critical point is confirmed. 
The number  of  clusters away from the critical point for large duster  size .s is consistent with 
In n : :  ,,,,.,ll'l" ,1".$ "2 a ,.'J~ the hra- :,-mner;dur4:. ~ide of  the Conielio-Klein~ c!,:,ler percolation 
transition line. and is consistent with In n-- -  - ( [h l  + c)s on the high temperature side. We 
also argue that this transition line is given by h = ±/~(1") ~ ( l -  I~ )' " near 7 .  

I. Introduction 

The study of the phase transition or condensation process of a gas into a 
liquid in terms of clusters startcd very early. Mayor's cluster expansion 111 can 
bc considered as an carly study for equilibrium. Explicit u.~c ot 0hv.~ical 
clusters, namely,  a group of molecules very close to each other, appeared in a 
"droplet" model of Band and his Chinese collaborators [2]. Fisher extended 
the droplet model to the critical point [3.4]. Subsequently, various moditica- 
tions of the Fisher droplet model were undertaken 15]. In the simplest version 
of semi-phenomenological models, a vapor system is considered as noninteract- 
ing droplets of liquid of various sizes. One assumes that the free energy divided 
by k~T of a droplet with s tnoleculcs has a bulk term hs (h = 2H/kI~T in the 
Ising spin language) and a surface term l's'" ( I ' =  const × [7 /" ]). wherc a 
rcaormalized surface area s" ~s used instead of s: ~ as at low temperatures. The 

number of clusters having size s is supposed to be 

,,, ,," (1) 

This assumption leads to scaling relations among critical exponents 13]. The 
cluster number is also an important ingredient in nucleation theory [6]. 
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The question that arises naturally is how to define droplets in a microscopic 
model. Let us consider the lsing model, or lattice gas, which associates a " '+"  
spin in the magnet with the absence of an atom in the gas and a " ' - ' "  spin with 
the presence of an atom. What  is called Ising clusters is a first candidate for the 
droplets. The Ising clusters (or geometric clusters) are sets of sites with Ising 
spins " - ' "  connected to nearest neighbors which are also " - "  This is the 
definition of clusters used in early studies [7-10]. We take the case where most 
spins are " + " .  At low temperatures such " ' - "  spin clusters are small and 
compact. As temperature rises, bigger clusters appear. Eventually, an infinitely 
large cluster is formed. This, it turns out, occurs below the critical temperature 
of the second-order ferromagnetic phase transition for dimensions d > 217, 11]. 
Thus the identification of the thermal phase transition as a geometric percola- 
tion transition [12] with the same set of critical exponents is not achieved using 
Ising clusters. Thc cluster numbers can not bc described by the Fishcr droplet 
model, eq. (1), or more generally, its scaling structure [9]. 

In two dimensions, although the percolation transition coincides with the 
thermal phase transition due to topological reasons [13], the critical behavior is 
not the same [14, 15]. It was realized that the Ising clusters are too compact for 
thermal phase transitions I161. A correct cluster definition, which gives the 
thermodynamic phase transition, should be a subset of those lsing clusters. It is 
remarkable that a simple procedure exists for this purpose. Coniglio and Klein 

- 2 K  [13] show that if the Ising clustcrs were cut, with a probability e (K = 
J/k~T) between bonds of " ' - "  spins, so that the original cluster might fall into 
pieces, the resulting clusters give exactly the desired properties: the percolation 
transition of the clusters occurs at the critical temperature; percolation critical 
exponents arc identical to the thermal critical exponents. We shall refer to 
these clusters as CK clusters in the following. The reason behind this successful 
identification of the percolation cluster transition (in zero field) with the 
thermodynamic phase transition is due to a mapping between the lsing model 
(or more generally, Potts models) and a type of correlated percolation prob- 
lems [17, 18]. The same mapping has led to an algorithm [19] to be discussed in 
the next section with considerably faster dynamics. 

If we want a complete description of the thermal phase transition by cluster 
percolation, thc CK clusters have a drawback: using the cluster definition of 
Coniglio and Klein in a magnetic licid, a line of percolation transitions occurs 
which starts from the critical point and cnd~ ,~t inlinite negative licld and at a 
temperaturc corresponding to a random bond percolation threshold [20, 11]. 
(We take the convention that CK clusters are built from " ' - ' "  spins.) This 
problem also occurs in the work of Hu [18]: we rcfcr to Kcrtasz [22] for further 
discussion. This transition line can be "'removed" if wc consider the clusters 
gencratcd in thc Swendscn-Wang (SW) algorithm with a ghost spin [19]. Due 
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to the ghost spin. there will always be an infinite-size claster whenever  the 
system has a non-zero magnetic field. With this new definition of clusters, the 
percolation phase diagram is identical to the thermal phase diagram. In this 

article we show some properties of such clusters and their relations with 
clusters of Coniglio and Klein. We then report our  extensive Monte  Carlo 
calculation of cluster size distribution, using the method of cluster updating of 
Swendsen and Wang. 

2. SW algorithm 

We shall just state the SW algorithm. Its justification [ 19.23] and generaliza- 
tions can be found in the l i terature [24-29]. 

To fix our notat ion,  let us write the Ising Hamihonian  as 

H= - K  Z (,,,o-,- l ) -  !/: Z,,-, .  12) 
(t .t)  t 

where site i is on a d-dimensional hypercubic lattice of linear size L. The first 
summation is over nearest-neighbor pairs, K = J / k ~ T >  O. h = 2 H / k , T .  and 
o-, = -1 .  The parti t ion function is 

(31 
t r  

We have deliberately added a contiguration-independcnt term Kdl.'k so that 
cach pair of interactions in the partition function can be xvrittcn a~, c ~'' .... ~' = 

- 2 K  (1 - p) + p6,,.,,', here p = 1 - e . Thus an expansion in terms of clusters is 

achieved [ 17.18]. 

Thc SW algorithm in zero field goes as follows: 

(1) From a spin configuration one lays down bonds between pairs of nearest 
neighbors with a probability p if the nearest neighbor spins are parallel. No 
bonds shall be present if the spins have opposite signs. 

(2) After each pair of interactions is treated by step (1). clusters arc 
identified. A cluster may consist of one site. or more siies tom, coted through 
bonds. 

(3) An up or down orientation of spins is chosen with equal probability for 
each cluster. All its sites in the cluster receive the same new spin. Thus a new 

configuration is generated. Wc then go back to step (1). 

When there is a magnetic field, two versions of the algorithm exits [19]" with 
or without a ght,:,t spin. We first state the algorithm without a ghost spin. 

Modification to the above algorithm is in assigning spins to clu,;lcrs (step (3)). 
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Each cluster is like a noninteracting lsing spin experiencing a field of strength 
hs,,/2, where s,, is the size of cluster c~. Spin r/,, for the cluster c~ is sampled 
according to probability cxp{hs,, 0,,/2}. 

The second version utilizes the ghost spin [',7]. Modification to the zero field 
case is in generating bonds. We formally write the field term ~ho-; as ~[hlo',o'~, 
where o-~ is so-called ghost spin which takes the value sgn(h) and does not 
change. Now the field term looks just the same as nearest-neighbor interac- 
tions. It is treated in a simi!z~r fashion: bonds are put between ghost spin and 
every lattice spin with a probability 1 - c I;,t if ¢~cr > 0. Af ter  having the bond 
configuration, we carry out steps (2) and (3) as in zero field, except we do not 
flip the cluster connected with the ghost spin (we call it a ghost cluster). 

The clusters generated by this second version shall be called SW clusters with 
a ghost spin (SWG) and this is the cluster definition used in this study, its 
properties and rclations with previous cluster definitions shall bc discussed in 
the next section. 

Identification of the clusters is a key step in the implementation of the 
program. An cfficienl method has bccn dcvciopcd in percolation problems by 
Hoshen and Kopclman 1301. A simplc description can bc found in rcf. 1121. 
appendix A.3. 

3. Clusters in SW algorithm 

Wc now consider the relations hctv~een CK clusters and SWG clusters. The 
joint distribution of spins and consistently chosen bonds is [251 

1 p), . , ,  ,, [ /21, p"(I- exp/  h s  0,, I " (4) 

where Z is the partition function, h is the number  of bonds, d is the dimension. 
s is the size of (number of sites belonging to) cluster ¢~. and r/,, is the lsino spin 
for cluster c~. Here the clusters are those in the first version of the SW 
algorithm. The cluster with an lsing spin attached to it will be called tile 
Fortuin-Kastclevn (FK) dus te r  of a certain sign. The name CK cluster is 
reserved only for " ' - ' "  spin clusters. 

Consider summing over all possible bond conligurations consistent with a 
given ising spin contiguration. If a pair of nearest neighbors has the ~amc spins, 
we have both possibilities: to have a bond or not to have a bond. The sum of 
these two gives a factor 1. If the two nearest neighbors have opposite spins. 
there is only one possibiiity: not to have zl bond. Thus this gives the Boltzmann 
weight for the Ising spin conliguration. 
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Let us express the average number  of clusters by the probability of configur- 
ations. The number  of clusters per site of size s, n, .  is the number  of clusters 

with size s divided by lattice size L a from a single conliguration of a very large 
system; or looked at differently, sn~ is the probabil i ty that a particular site. say 
the origin, belongs to a cluster of size s. Thus the number of FK clusters with 
" - ' "  spin is given by 

1 y. 
S t l  ~ = 

Z o r i g i n  ~E c l u . , t c t  o f  

s i , ' c  ', v~l lh  qo" I 

f ' ( l - p ) , , . , , - b  exp{ ,~ hs,, E , / 2 } .  (5) 

where rl,, is the Ising spin associated with the origin. Similarly. for FK clustcrs 
of "'+'" spin. wc require a summation over bond and spin configurations with 
the origin belonging to a cluster of size s and with spin ~7,, = +1. Wc scc 

immediately from eq. (5) the relation 

" - h,~ n,  = n ,  e (6) 

This equat ion can also be understood from the algorithm without a ghost spin. 
where each cluster t-~kcs "'+'" or " ' - ' "  according to the probability cxp', hs,  rl, ' /2}. 

In the simulation with a ghost spin. if an FK cluster ilas a negative spin 
(assuming h > 0). it never attaches to the ghost spin. while if an FK cluster has 
a positive spin. it connects to the ghost spin v,'ith a probability 1 - c "" "l'hc 
probability that the cluster cr will not connect to the ghost spin is c "'" All 
negative FK clusters, n , .  are counted as SWG clusters. The positixc FK 

clusters n ,  arc counted only with probability c Then wc ha~c 

n, = n ,  + n , e  h > 0 .  (7) 

Combining eqs. (6) and (7). we have n~ ~¢~ = 2n ~. The SWG cluster number is 
~'"" 2n~ twice the CK cluster number  if h > 0. When field is ncgativc, n, = = 

2n,  e h' The SWG cluster number  is symmetric with respect to field. 
. " , \V( ; . , /  x .N'~V(; F , ~ \ ( ;  • • n, tn~ = n, ( - h ) .  One can also express n, m ~.crms of n + n, 

:.;\,~(; II + I 1 ,  
n ,  = ~ (S)  

l + c  

This is useful in a Monte Carlo calculation ot  the nt,,-r:be: of cluster,; n 
when h ¢ O. using the first version of the algorithm (without ghost spin). Due to 
the e ~t'i' enhancing factor, bet ter  statistics is obtained.  We point out that in zero 
field n, sxv¢; is e q u a l  to the number  of clusters of Hu I181 . and is twice the 
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number of CK clusters. Of course these relations hold only for finite-size 

clusters. 
For an infinite system the origin either belongs to a finite FK cluster of 

positive spin, or of negative spin, or belongs to an infinite FK cluster. Thus a 
normalizatk, n condition holds, 

s(n,  + n , ) + P , = l ,  (9) 
.'~=1 

where P~ is the probability that a given site belongs to an infinite FK cluster. 
The magnetization and susceptibility can be related to the number of clusters. 
One has (for h > 0 )  

rn(T. h )=  ~ s(n: - ,1, ) + e.~ (10a) 
.~ - | 

(10b) 

The last equation is obtained by combining normalization condition (9) and the 
definition of magnetization (10a). It is also clear from the fact that all finite 
SWG clusters (excluding the ghost cluster) can assume "'+'" or " '- '"  spins with 
equal probability; thus they give zero contributions to the magnetization. The 
magentization is the same as percolation probability, pSWC~ = lim~ .... L-'t(~,. ~), 
where s~ is the size of the ghost cluster. This cluster can have disjoint picccs 
from the point of view of only lattice spins. 

The susceptibility is given by 

x ( T , h )  Z " s,v,; ,,( ~ _, = s n,  + L (11 )  

It is obtained from the same fact that each finite cluster takes "+'"  or "'-'" spin 
with equal probability. For h = 0 and T > T,. the ghost cluster fluctuation term 
vanishes, if h = 0" and T < T~. one should replace the size of the ghost cluster 
by the maximum cluster size. 

Eqs. (1()) and (I I) are generalizations of corresponding zero field equations 
[31, i8.23]. Alcxandrowicz [21] also arrived at cq. (11) from a different point 
of view. 

4. Cluster size distribution 

4.1. Scaling aroand the critical point in zero fiehl 

Due to the nature of cluster identification, the algorithm cannot be vector- 
ized efficiently. The simulation was dc.ae on an IBM 3(19() computer without 
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vector feature, with a speed of 3 to 4 microseconds per Monte Carlo step 
(MCS) per spin. The total computer time u:ed in this work is about 400 hours. 
Most of our data arc taken from a cubic system of linear size L = 98. with a run 
of 103 to 104 MCS/spin,  discarding the first 400 MCS/spin.  Notice that a 
maximum correlation time one can have in such a system is L "75 = 3 0  [19]. 
This should be compared with a correlation time of order L 2--- 104 using a 
single-spin-flip algorithm [32]. 

In this section we omit the superscript SWG for the number of  clusters. 
Scaling theory [9, 161 asserts for the number of  clusters, in the limit of small 
e = I T -  T~I/T~, small field h, and large cluster size s, 

n,(e. h )=  s - ' ; i ( e s " ,  hs )  . (12) 

where r and or arc related to thcrmal exponents y and/3 by r = 2 + / 3 / ( y  + /3 ) ,  

1/(,, +/3) 131. 
Right at the critical point the number of clusters should go asymptotically as 

s- ' .  Fig. 1 is a plot of number of  clusters n, vs. size s in Iog~,, scale. (For earlicr 
data, scc ref. [331, fig. 2 and ref. [311, fig. 8.) We see a nicc straight line, 
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Fig. 2. Number of clusters at the critical point plotted as ,~'n, vs..~" f o r  the t w o - d i m e n s i o n a l  

nearest-neighbor Ising m o d e l  o f  a t)S{I × 9511 system, where r = 31 1 5 .  

indicating an algebraic decay of the number of clusters with size. However.  
careful inspection of the deta reveals deviation from cq. (12).  An accurate 
estimate from our data for the exponent "r is hampered due to a correction to 
scaling for small s and due to a finite-size effect for large s. Using data in the 
range 4 < s < 64 from sizes L = 32, 59 and 64, where the finite-size effect is 
small, one would get a value 4o;, higher than the best known value r ~ 2.21 
[34] (through scaling relation r = 2 + / 3 / ( 7  + /3 ) ) .  With sizc L = 98. a trend of 
dcc rcas ing  r is clearly ~,,ccn. This difficulty is also present  in r a n d o m  perco la t ion  
cvcn for a very large system [35]. 

To c h e c k  whether the asympto t ic  va lue  can really bc r e a c h e d  for largc 

systems, wc investigated a two-dimensional Ising model  (for  a finite-size scaling 
analysis of this system, s c c r c f .  [_:]) .  I n d e e d ,  for a sys tem of  t)51lx 950. 

effect ive r agrees with its theoretical v~duc wi thin  les,~ than 1 pe r  cent devia t ion  

for 11) ~ < s < I(1 ~. The  finite-size effect b e c o m e s  scvcrc  for s > !1) ~. .In fig. 2 wc 

plotted s~n, vs. s. A fiat part is just beginning to appear for .~ > 111 ~. It is not yet 
sccn with size 512 x 512. Data on tig. 2 cou ld  bc littcd to cs -( 1 + as n) wlth a 
correc t ion- to-sca l ing  e x p o n e n t  .¢) = 0.43 and  the  theore t ica l  va lue  of r. 

Wc n o w  consider  the cluster n u m b e r  nea r  the critical point  in zero field. -if 
scu[ing hold.~, curves s:n,  vs, ~-s" for d i f fe ren t  ~- ~,hould col lapse  on to  a single 
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a n d  (I.1, from bottom t o  t o p .  respectively, where r = 2 . 2 0 7 5 ,  ~r = 11.641t. T h e  d a t a  points a r c  

connected by straight lines. For large s the d a t a  h a v e  b c c n  a v e r a g e d  m c r  a s m a l l  i n t e r v a l .  

scaling c u r v e .  Fig.  3 is such a plot for t e m p e r a t u r e s  bc lmv  7".  w i th  ~" = t1.II25. 

0.05 and 0.1 .  respect ively .  Systemat ic  deviation from scaling due to finite e is 
clearly seen.  H o w e v e r  our data suggest ,  as e---> O, a limiting scaling curve will 

be achieved.  
The curves  in fig. 3 look quite  straight for es">0.5.  Thus  it i,; consistent 

with In(sS~,)=-Fs "-~ (for g iven e); since o ' ~ 0 . 6 4 0 ,  it is indistinguishable 
from 2 / 3  from our data. Such a "'surface" term is known to bc present  at low 
temperatures  [36 .37 ,33] .  Our data are consistent  with the presence  of  a surface 

82. ~,r term up to the critical point ,  with a "sarface tension" vanishin~ as " The 
surface tension U that appears here differs from the normal surface tension 

2 J '  which vanishcs  as e. I381. The  limiting scaling curvc should behave  as In 
_ _  ~ 2  3fr  tr "~ i f (x )~  . for largc x = ~s in order to bc consistent with this s- dcpcn- 

dcnce.  
Fig. 4 is a plot of s~n, vs. e ~''~ for T > T,.. Systematic dcviat ion is also 

observed for small s. Dif ferent  e curves over lap better for large s. In this 
semi- logarithmic plot of s57, against linear s,  we  have a straight line with a 
slight curvature for large s. An  exponential  decay is expcctcd for large s above 

the critical temperature.  
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Fig. 4. Semi-logarithmic plot of  s 'n ,  vs. e t '" above T, in zero field, where e takes value I).0125. 
11.1125.0.05 and 0.1, from bot tom to top,  respectively. 

In contrast  to T <  ~. with a monotonic decreasing scaling function, a 
maximum around e~ "~- 0.7 is observcd for T > To. This feature  and different 
large s behavior below and above T~ are quite similar to r andom percolation 
[351. 

4.2. Scaling in a magnetic field 

Fig. 5 is a semi-logarithmic plot of s 'n,  as a function of cluster size s for 
values of field h = 0.01, 0.02, and 0.1. at T =  T~. Strong curvature is present.  
The data  can not be described by a simole exponential decay as in Fishcr 
droplet model eq. ( 1 ). where the surfacc term is supposed to vanish for T = T~. 
Fig. 6 is a scaling plot with the scaling variable hs. There  arc systematic 
deviations from scaling due to finite ':. In the limit h goes to zero and s goes to 
infinity we expect that a scaling curve will bc reachcd. 

It is expected from rigorous argument [39] that the number  of clusters go as 
-h~ 

e plus terms independent  of h, for sufficicnt!y !argo field h and large size s, 
for all temperatures.  Our  data  arc clearly not in this limit vet. Wc plotted in 
fig. 7 the local slope - d ( I n  s'n,)/d(hs) as a function of (hs) J ~ (taking thc 
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Fig. 5. Number  of  clusters plotted ~s log; . .s :n,  vs..~ for different value.~ of  h at T =  T .  l ' hc  
exponent T = 2.2075 is used. 

curve tt = 0.02). The slope decreases from 2.8 to 1.4 x~ithi,1 the range of our 

data. A previous study [31] was not able to see this hs dependence due to small 

hs values. We expect that the slope approaches to 1 for large !is. It is a delicate 

question whe ther  sS~, will approach e h, eventual ly as hs goes to infinite based 

only on numerical  data. Depending  on how the limit is approached,  the final 

value could be 1 or 1.3. If one assumes that a surface term s'- ~ is present,  one 

should have a s- ~~ correction to the slope. We indeed have a trend of 
- 2 3  

approaching to 1. On the o ther  hand, we have a curvature. An empirical s 

correction to the slope gives a straight~., fine, with a limit around 1.3. We shall 

argue in the next section that one must have a s- " dependence in the number 

of clusters. A final value is prcsumably 1 instcad of 1.3. 

4.3. Number  o f  clusters away fi 'om the critical point 

If wc consider n~ with h > 0 ,  such clusters percolate on a linc. Thc 

percolation transition is supposed to be in the same universality class as 

random percolat ion except at h = (1 where it takes Ising critical c.,:poncnts [13]. 

in random percolation [40] as well as in quite general correl,ltcd percolation 
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bot tom to top.  respectively. 

[36, 37] the number of clusters (in d dimensions) in the large s limit is bounded 
by 

+ _ l ' ~ ( d - l )  ,I 
n,.  > e  , (13) 

whenever  the system has an infinite percolating cluster. At  sufficiently low 
temperatures ,  the inequality becomes an equality from rigorous argument  and 
this equality probably also holds up to the percolation threshold from numeri-  
cal rcsults [12] for random percolation (corresponding to h = zc). Wc assume 
that the equality holds also for finite h up to percolation threshold. Using eq. 
(6). (7) and (13). we see that n, i.,, 

In n, = - t t s  - I ' ( T .  h)s '-  ' h 9 (1 .  (14) 

for sufficiently large s below the CK cluster percolation line It = ± t ~ ( I ) .  Notice 
that we do not require h large. In fact eq. ( I4 )  is verified numerically for h = 0 

at T / T  = (I.8 [33] and certainlv is the case for h :- ~. since it is just a random 
bond percolation. On the percolation line -+ t~'(7") wc have t l  :~ .s ¢,'c h,, where 
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Fig. 7. Local slope (II = 0.03) in fis. 61 plottcd apain>t (11,s) ’ ‘. 

7 ~2.2 is the random percolation exponent. One expects a simple exponential 
d;cay 12, x e-“““” for large s on the high temperature side of the percolation 

line. A possible consequence of the disappearance of the surface term on the 

percolation line is discussed in ref. [22]. 
In connection with the scaling hypothesis of the number of clusters, eq. (12). 

near the critical point, we must require that eq. (14) has a correct scaling form 
near E = 0 anJ h = 0. WC thus propose 

The above equation is supposed to be valid on the low temperature side of the 
percolation lint. in particuiar we must rcquirc that f(xj equais zero on the 
percolation line -CC(E). This can happen for a specific value of the scaling 

argument x,, = ~lh”. Such a reasoning then leads to a prediction for the 

percolation Ike near the critical point. 

WC now look at numerical results. Fig. 8 is a plot c,C the number of clusters 
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Fig. 8. S a m e  set o f  d a t a  as  in fig. 5 o r  fig. 6 p l o t t e d  as s c n, vs..s- 

dividcd by a factor s e vs. s- at T =  7-,. for values of/1 = 0 .0 l ,  0.02 and 
().!. According to cq. ( ] 4 )  wc ,~hould have straight lines in such a plot for large 
s. This  is indced  convincingly  the case. A plot  against  s sho~vs the curvature .  

Figs. 9a and  b are s imi lar  plots  as fig. 8 at low t e m p e r a t u r e ,  large field 

( T / T .  = 0.82.  h = 1). and above  the critical t e m p e r a t u r e ,  large field ( T / T ,  = 
1.1. h = 2).  but  in the C K  clus ter  percola t ing  region.  The  la t ter  p lo t  has some 

curvature .  T h e y  can be cons i s ten t  with s z ~ d e p e n d e n c e .  A power - law factor 

s : seems neede d  in o rde r  to have  clear  s t ra ight  lines in these  plots .  
We inves t iga ted  the c luster  n u m b e r  5 percen t  below and above  T,.  Fig. 10a 

is the n u m b e r  of  clusters ra t io  be tween  h ~: 0 and  h = 0 for T/T,. = 0.95 (see 

ref. 1311. fig- I 1. for previous  da ta l .  Again .  a sl ight curvature  is observed .  Fig. 

10b is a "'scaling" plot. In principle the ratio of t.he n,-mb,.:r ,,;f cl,-.~',,ers will not 

.scale as h s when  ' F ~ 7 .  Howeve r .  if i ' ( ' l ' .h)  in eq. (12,) has a weak 

dependence  on h. such scal ing is expected.  This  is probably  , ,o. .since i'(1", h) 
approaches  non-zero  value as h--~ O. T < T,. D a t a  scale for h = 0.02, 0.05 and 

O. 1. For l a rge / t  "rod .s the lead ing  term should go as c . Our  da ta  indicate  that 

such behav io r  could bc a p p r o a c h e d  very s lowly at T,: 1 = tl.95. Th i s  is duc to a 

s cor rec l ion .  Such .s- behav io r  is also obsc~vcd from a pl~,~! - imi lar  to lig. ~. 

Fig. 11 i ~, the  result 5 purccnt  above 1 .  xshcrc v~c ha;,.- a ntcc cxp~menzial 
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Fig. I 1. R a t i o  o f  n u m b e r  of c lus te r s  b e t w e e n  h ,e 0 and  h = (1 at  7" /T = 1.05 p l o t t e d  as l o g . , ( n  (h),,' 

n , (0 ) )  aga ins t  .~. 

decay over many order of magnitudes without any nccd for an .s- term. Wc 

have used e q .  ( 8 )  to  calculate the number  of clusters. With a straight 

definition, wc could only get reliable data with maxima s a f a c t o r  4 to  5 

smaller. The data do not scale, if plotted against hs. 

5. P e r c o l a t i o n  l ine  n e a r  the  c r i t i c a l  po in t  

Wc locate the percolation transition iir, c by looking at the peak of thc sccon'J 
moment of the number  of clusters n ], excluding the largcst cluster. Accordint3 

to our discussion ;n thc previous section, thc pcrcolation line behaves asymp- 

totically as h ~, e ~ " for small e. Wc plotted h vs. ~" in log-log scale in fig. 12. 

The straight line has a slope corresponding to 1/(r = 1.56. The data for ~" > 11.04 

give a curvat tuc with decreasing slope as e decreases. The data for e <~ 0.(14 arc 

consistent with the thcorctical prediction within errors. 
I , r  

Because the line ~" = 0  is perpendicular  to the percolation line h ~ e" 
( i/~r > i ), wc do not havc a problem of crossover to random percolation. This 

enabled us to scc clearly the s" effect in fig. ,~. 



2('6 J.-S. Wang i Ciusro's in 3D l.*ing model with magnetic fieM 

--1 
10 

- 2  
10 

1 0  
- 3  

1 0  

i 

D 

w 

m 

m 

D 

I I t i I I | t I i V 

,,'7" 

I I t , t I I l l  

-2  
1 0  

~_- 

- 1  

I I l l - -  

I t I I t I J I 

Fig. 12. P e r c o l a t i o n  t r a n s i t i o n  l i n e  h vs. ~, n e a r  t h e  cr i t i ca l  p o i n t .  T h e  s t r a i g h t  l ine  has  a s l o p e  
1 /o -=  1.56, A l e a s t - s q u a r e s  fit u s i n g  d a t a  e < 11.()4 gives a s lope  I 5 4 _  0.{I..l. 

6. Conclusion 

We investigated the clusters in the SW algorithm with a ghost spin. Such 
definition of clusters is symmetric in the field h for finite clusters. With this 
definition, the magnetization is equal to the percolation probability of thc 
corresponding cl'tsters. The number of clusters is related to that of Coniglio 
and Klein by a factor 2 in the h > 0 part of the ( h - T )  phase diagram and by 
2e  -thr' for the h < 0  part of the phase diagram. In so doing, a percolation 
transition line of the CK clu'qers is suppressed. However. the effect is still 
present in a surface term dependence of the numbcr of clusters. Our Monte 
Carlo data arc consistent with such dcpcndcncc. 

In connection with the Fisher droplet model, the ,,c:iling ,,tructurc of the 
number of clusters n is preservcd. But i n s t e ad  o" a .,-,'v"- temperature 
d c p c n d c n c c  I" ~ ~ as in cq .  ( I }. it is m o d i f i e d  to i" = h'- '/-'(e ' h "  ). T h c  surface 
term. instead of  vani , ,h ing o n  the  l ine ~" = 0 a~ in the F i she r  d r o p l e t  m o d e l ,  

vani,~hcs on thc curve  h = ±/~'(vl ~' ,-t ". B c c a u s c  of  a field d c p c n d c n c c  in the 
surface tcrm. it is not pc~,,,,iblc to wr i te  the  f ree  cnc r~v  ~ t  the  l, ,ing m o d e l  (or  

singular part of it~ a'. a ,,urn ~f the n t t m b c r  ~i ci~, ~cr,, In a d d i t i o n ,  the 
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susceptibility has an infinite-cluster fluctuation term. Our simulations wcrc able 
to confirm many old concepts of the dropiet model due to abc t tc r  definition of 
clusters, a better algorithm at T = T,,, and more computer time. 
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Note added in proof 

A. Coniglio, F. di Liberto, G. Monroy and F. Peruggi (J. Phys. A Lett., in 
press) employ the same definition of clusters using a ghost spin. Relations 
between clusters and thermodynamic quantities are discussed. Alcxandrowicz's 
spin blocks differ from our definition of clusters, while his number of clustcrs 
agree with our numbcr of clusters (ref. [21], notc added in proof). P. Lauwcrs 
and V. Rittenberg (submitted to Phys. Lett.) simulated the 2D Ising model in a 
tield without the use of a ghost spin. Sce also P. Tamayo, R.C. Browcr and W. 
Klein (preprint), U. Wolff (preprint) and D.W. Hccrmann and A.N. Burkitt 
(Physica A, in press) concerning the dynamical aspccts of the clustcr-flip 
algorithms. 
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