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Collective Monte Carlo Updating for Spin Systems
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A Monte Carlo algorithm is presented that updates large clusters of spins simultaneously in systems at
and near criticality. We demonstrate its etliciency in the two-dimensional O(n) cr models for n = I (Is-
ing) and n =2 (x-y) at their critical temperatures, and for n =3 (Heisenberg) with correlation lengths
around 10 and 20. On lattices up to 128 no sign of critical slowing down is visible with autocorrelation
times of 1-2 steps per spin for estimators of long-range quantities,

PACS numbers: 05.50.+q, 11.15.Ha

Recently Swendsen and Wang (SW) ' have put for-
ward a novel Monte Carlo algorithm for Potts spin mod-
els using ideas from percolation theory. Whole clusters
of spins are thus enabled to move in one step, and conse-
quently critical slowing down is greatly improved. The
information residing in the clusters can also be used to
construct reduced variance estimators for physical ob-
servables. The combination of both advantages was

quite useful in recent studies of the physics of the four-
dimensional p theory in the Ising limit. In Ref. 16, the
sign of a variable length p field in two dimensions has
been updated by SW, leading to the expected accelera-
tion. The SW method has been developed further in two
directions: In Ref. 5 it is claimed that critical slowing
down in the two-dimensional Ising model is eliminated
completely by a synthesis of SW with multigrid ideas.
Other research was motivated by the desire to simu-
late mode1s other than Potts systems, and, in particular,
ones with continuous fields such as the x-y model. There
the results on slowing down have been essentially nega-
tive so far; improved estimators could be exploited in

Ref. 6 for the O(3) a model albeit only for a variant ac-
tion. In this Letter we present another percolation-
inspired algorithm that allows the simulation of spin

p

pairs. An important concept for the new algorithm is the
generalization of the spin-Aip operation a. —a„ in
the Ising model. For n ~ 2 and any r E 5„—1 we define
it as the refIection with respect to the hyperplane orthog-
onal to r

R(r) ir„=o„—2(cr r)r . (2)

Clearly this is an idempotent operation

R(r)'=1,
and the action in (1) is invariant under global R trans-
formations

(3)

(4)[R(r)a„] [R(r)cry) =crx. cry.

An- elementary cluster update step now consists of the
following sequence of operations:

(a) Choose a random reAection r E S„-t and a ran-
dom lattice site x E A as the first point of a cluster c E A
to be built. (b) Flip a, R(r)o„and mark x. (c)
Visit all links connecting x 6 c to its nearest neighbors y.
The bond (xy) is activated with probability

P(a„a,) =1 —exp(min[0, po„. [1 —R(r)]cryj)

= 1 —exp [min [0,2P (r a ) (r. cry )11,

where a„are unit vectors in R, p is the inverse coupling
temperature, and the sum runs over all nearest-neighbor

models with standard actions. It is tested numerically in
and, if this happens, ay is Aipped, and y is marked and

he two-dimensional Ising and x-y models at criticality.
adjoined to c. (d) Continue iteratively in the same way

Preliminary tests are also performed for the O(3) model.
for all bonds leading to unmarked neighbors of newly ad-

The algorithm. —For simplicity we only consider
joined sites until the process stops. Ergodicity of pro-0 n o models on a cubic lattice A of

l
A j sites with

cesses (a) to (d) is guaranteed by the fact that there is
eriodic boundary conditions,

always a nonvanishing probability that c consists of only
one site, and that there is always a refiection connecting

da'x exp, o'x ' a'yZ d „p any two spins. Then each configuration may be reached
in principle by at most j A j update steps. Detailed bal-
ance is also easily seen to be fulfilled. We consider two
configurations {cr„jand [cr' j that differ by a Aip R(r) on
a cluster c. The transition probabilities 8'obey

8'( [cr„l [cr„') ) 1 —P (R (r )a„,ay )
=exP, P g o„[R(r)—I) cry, =exP, Pg (cr' cry

—a„ay) I, (6)8 o' ~ cr (xy) c Bc 1 —P R r cr', cry (xyl c sc (xy)

where the surface Bc of c consists of all links (xy) with x E c and y g c. All probabilities for activating bonds within c
are the same starting from [cr„1 or ja' j because of (3) and (4). To grow a specific cluster c, its surface bonds must not
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be activated, and these probabilities supply the noncan-
celing factors in (6). Note that R(r) appears in the left
argument of P(. . . , . . . ) because a, has already been
Ilipped when (xy) 6 t)c is probed. The desired action-
energy diAerence in the exponent finally arises in a way
similar to the Metropolis algorithm.

The adequacy of discrete Aips for continuous spins
may seem surprising at first sight. Intuitively, it works
for the following reason: If we choose r and start a clus-
ter in a region where spins are nearly orthogonal to r,
then (2) is eA'ectively a small deformation. Bond proba-
bilities (5) typically lead to small clusters in this case. If
r is (anti)parallel to the local spin direction, the cluster
tends to grow until it reaches an energetically acceptable
surface.

For the Ising case (n =1), the bond activation proba-
bilities that we use are the same as in the SW process
[I —exp( —2P) if the original spins are parallel and 0
otherwise]. The connection between both algorithms be-
comes clearer by consideration of a less e%cient but
equivalent implementation of the new algorithm. ' It
consists of our erst activating all bonds of the lattice
with the appropriate probabilities and decomposing all
sites into clusters. These are the SW clusters csw. Then
we pick a random site x, Aip the cluster connected to x,
and ignore the remaining ones. The one cluster that we
Aip is reached from any of its sites, and consequently the
probability of our choosing a particular SW cluster is
given by the fraction

I csw II'I A
I

of sites it occupies.
The mean size of Aipped clusters is

(7)

which for n =1 is the improved estimator for the mag-

netic susceptibility g. We thus expect (and find)

g= N = C

to hold. The average size of SW clusters in the critical
Ising model, on the other hand, is seen to be constant
from data in Ref. 6 since their number grows proportion-
al to I, . We conclude that with our variation of the SW
algorithm for n =1, we invest a relatively higher fraction
of the central processing unit time into large clusters.
This should bring about an even better decorrelation be-
havior. To quote values for dynamical exponents is
beyond the scope of the present paper. Here we rather
concentrate on the applicability for n & 1.

Numerical results In T.
—able I a subset of our numer-

ical results is listed. The erst two columns distinguish
the three different O(n) nonlinear cr models that were
simulated on 1, lattices. The exactly known critical
P, =log(1+ J2)/2 was chosen for the Ising model. For
the x-y model the value P =1.12 is expected to be very
close to the Kosterlitz-Thouless point"' or possibly
somewhat beyond in the critical spin-wave phase. ' The
lower values P =1.04 and 1.07 were simulated to check if
a possible finite-size shift of the transition region leads to
rising autocorrelation times there. For P=1.5, 1.6, and
n =3 we expect (and confirm) a spatial correlation
length around 10 and 20. ' The numbers of generated
clusters c follow together with their average size. To di-
agnose the algorithm we quote the magnetic susceptibili-
ty g and the autocorrelation time ~~ manifested in the es-
timates for this observable. It is derived as follows:
Measurements of physical observables are separated by a
fixed number of m cluster update steps (in the quoted re-
sults, m =1 for n =1,2 and m =10 for n =3). In equi-
librium the connected autocorrelation function in time is

eA
zZL

0.4598(7)
0.3852(10)
O.3229(1O)

O.442O(2)
0.3754 (3)
0.3190(3)
0.3985 (4)
0.3245 (5)
o.26o8(s)
0.2032 (5)

2.3 (3)
2.3(3)
2.7(5)
3.6(7)
2.4(6)
2.1(6)

]

1.9
1.8
1.4(2)
1.3(2)
1.2(2)
I.s(3)
1.1(2)
1.2(2)
1.4(2)

0.50
0.25
0.20
0.62
0.26
0.20
0.26
0.13
0.10
0.26

0.4406. . .
0.4406. . .
0.4406. . .
1.12
1.12
1.12
1.07
1.07
1.07
1.04

0.4602 (7)
O. 38S8(11)
O.322S(11)
o.3s82(s)
O. 3O43(6)
0.2582(7)
O. 3247(7)
0.2629(9)
0.2114(9)
0.1638(5)

32
64

128
32
64

128
32

128
128

TABLE I. Results for the magnetic susceptibilities g and autocorrelation times zz (in units
comparable to sweeps) for simulations of O(n) o models on L lattices. In each run a total of c
update steps have been performed involving clusters of an average of (

~
c

~
) spins. The effective

autocorrelation time ~~ is directly relevant for error estimation.

n L P cxlo (fcf)L rx

1.6
1.54
2.00

132.O(4)
334.S(7)

174.4(0.9)
444.9(1.4) l.o(6)

o.25(4)
o.4o(6)
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measured from successive estimates for g (and other
quantities). An autocorrelation time Ez is determined
from its exponential falloA' in time separation. All en-
tries in the table are based on our seeing constant stable
logarithmic ratios for successive values of the correlation
function at least in a window from F~ to 3F~. Unless the
statistics is increased enormously, noise then takes over.
The errors on F~ are estimated subjectively from its fluc-
tuations in the stability window, and from some repeated
experiments. The measured correlation is also summed
and a tail, approximated as an exponential (using r„),
added to incorporate autocorrelations into error esti-
mates. Finally, r~ is related to ~~ as

r, =i,trt& I c I &L

This is a reasonable quantity to compare to the sweeps
that are common and natural in local algorithms: ~~=1
means that on the average one has to "touch" (here,
reflect) each spin once to suppress correlations by a fac-
tor of 1/e. Needless to say the values of rz signal an
enormously enhanced e%ciency for the simulation of spin
models. %'e also estimated errors from the fluctuations
of blocks of 1000 measurements each. The two results
always agreed within 10%. The efIective autocorrelation
time is defined as

2 ~ ~block& &naive ~

Here eb~„k and t.„„.„are the representative errors, and an
exactly simply exponential autocorrelation with scale r
would produce the same errors. Where errors for z' are
quoted, they. were estimated by a further division of the
data into subsamples. For extreme short-range quanti-
ties like the nearest-neighbor correlation and n =2, 3, we
saw somewhat longer correlation times up to i' =4 but
flat in L. These observables, however, are physically less
interesting, and one could always intersperse local up-
date steps if the short-wavelength modes evolve too slow-

ly. In Fig. 1 we see the size distribution of clusters for
1282 runs. While both critical models look similar, the
finite physical correlation length in O(3) is clearly visible
as a sharp cutoA'.

Some reference runs with a local random site updating
heat-bath algorithm for Z(16) =O(2) at P =1.12 yielded

ran=20(4) at L =16 and indicated the expected growth
eeL . Cluster runs were also made for Z(16) (with
reflections suitably restricted) and produced results in-

distinguishable from O(2). The diA'erence in speed is

only small for the new algorithm, and there is conse-
quently no need for the discrete spin approximation. The
equality (8) of g and &

I
c I & is clearly borne out by the

data for n =1. For n =2, 3 the ratios & Ic I &/g are also
very nearly P-independent constants in the range that we

investigate. The only remarks on the physics of the mod-
els we wish to make here is that the growth of g at criti-
cality is compatible with the expected scaling behavior

~CCL2 T/

o(3)

~:--.— . Z(2)
o(2)

'——:—:=-:=

FIG. 1. Distribution of the number of spins updated collec-
tively in L =128 simulations at P =0.44. . . , 1.12, and 1.6 for
n =1, 2, and 3, respectively. Bin b comprises clusters of size
2b-I ~c & 2' —1

and t1=0.25 in the Ising model. For the x-y case at
P=1.12 our results give rt=0. 235(1). We conclude by
mentioning that now an accurate and detailed study of
the Kosterlitz-Thouless picture and asymptotic freedom
scaling behavior for the n =2 and n~ 3 a models, re-

spectively, which have both recently been challenged, '

should be feasible. ' The new algorithm should also be
useful in the simulation of four-dimensional O(4) models

to study Higgs physics and triviality. The generalization
to spin-glasses or neural networks, where P is bond

dependent, seems straightforward. Attempts for exten-
sions to lattice gauge theory are under way.
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