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We report autocorrelatron trmes for the Swendsen-Wang algortthm and for a recently proposed smgle cluster variant m the 2D 

and 3D Ismg models at crtttcahty The new algorithm decorrelates faster m all cases and gams about an order of magmtude on a 

643 lattice Crtttcal slowmg down IS practically neghgrble and possibly completely absent m three dtmenstons Results on static 
properties of the 3D model are consrstent with pubhshed data 

Among the attempts to circumvent critical slow- 
ing-down m stmulations of field theories and critical 
systems a line of developments related to percolation 
and initiated by Swendsen and Wang (SW) [ 1 ] has 
been very successful recently. While the original SW 
proposal works for Potts spins only, our recent gen- 
eralization [ 21 has been apphed to the x-y model [ 31 
and to the 0 (3) nonlinear a-model [ 41 in two dt- 
mensions with the result of no detectable slowmg 
down and further advantages related to variance re- 
duction. Apart from the generalization to continuous 
spins our proposal [ 21 also modifies the SW algo- 
rithm in another way: the single cluster (1C) con- 
struction (see below). Consequently the new 1C al- 
gorithm does not comxde with SW even for Potts 
models. Here we study two-state Potts ( =Ising) 
models to evaluate the effect of the 1C variation in 
isolation. This complements recent studies [ 5,6] 
where the combination of continuous spms with the 
original SW cluster decomposition has also been 
found to drastically reduce or eliminate slowing down. 
The results of ref. [ 5 ] combined with ref. [ 1 ] or with 
the present study actually imply that the SW cluster 
constructton leads to a smaller dynamical exponent z 
for continuous spins than for Ising spms. The latter 
are thus “harder” to stmulate than O(n) o-models 
with IZ> 1. 

The SW and 1C algorithms for an Ising model 

with spins s, at the sites x of a d-dimensional hyper- 
torus of Ld sites are most easily described m words: 
For given spins {sX} one activates bonds xp (links) 
with probability 

Px,[Sl =L+, [I-ew(--WI. (2) 

Active bonds connect pans of sites and lead to a de- 
composition of the set ,4 of all sues mto bond perco- 
lation clusters 

A= ; c,. (3) 
,=l 

The two algorithms differ now in the way in whtch a 
cluster C is formed of spins that are flipped to com- 
plete the update. SW effectively take the umon Csw 
of a subset of the components c, where each mdtvtd- 
ual component is included with probability 4. The 1 C 
algorithm may be implemented pictorially as follows: 
Throw a dart on the lattice that hits each site with the 
same probability (absolute beginner! ). The site x0 
that is picked belongs to a component c,~ which we 
take for CLc=c,O. In the practical realization of the 
1C algorithm one actually proceeds slightly differ- 
ently: We first pick x0 and then construct only the 
cluster C,c connected to it. This requires only of the 

order of I Clcl operations as opposed to l/i I =Ld, 
where 1 Clc I IS the mass ( #of sites) of the cluster. 
This is a very important difference when the corre- 
lation length is finite, and typical clusters are small 
compared to the volume. Clearly, the 1 C method pre- 
fers to flip large coherently formed clusters with a bias 
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proportional to their mass. It can be shown [4,2] that 
their average mass equals the magnetic susceptibility 

2 

> =,- - , - - "  (4) 

For SW we trivially have 

( ICswl  >= IAI /2 .  (5) 

For the mass of a typxcal coherent component c, in 
Csw we found little volume dependence at (pseudo) 
criticality with values settling around 

( Ic, I > ~7.8 for d = 2 ,  

=3.2 for d = 3 ,  (6) 

from above for large volumes. Eq. (4), which holds 
independently offl, may be interpreted as suggesting 
that the scale of equilibrium physics and the typical 
size of I C updating steps are closely related - intui- 
tively a prereqms~te to eliminate critical slowing 
down. We find the SW case more difficult to inter- 
pret and compared the behavior of both algorithms 
in a series of  numerical experiments. 

Before we come to our results, we would like to give 
details on how we determined autocorrelation times. 
Imagine successive estimates Oj for a physical quan- 
tity O coming from some Monte Carlo process. The 
normahzed autocorrelation function p is g~ven by 

<o,o~+,>-  <o> 2 
P ( ' ) =  ' (7)  

and will be estimated from our data. The integrated 
autocorrelation time 

r=½ ~. p(t) (8) 

is precisely the quantity required to estimate errors 
Zx for O m a Monte Carlo experiment with N corre- 
lated measurements, 

Z~.= ( ( O  2) - (O>2)2z/N. (9) 

As discussed in ref. [7] one has to appropriately 
truncate the sum in (8) to obtain r from the data as 
otherwise noisy contributions from large separations 
make the variance of this estimate diverge. For a 
truncation window W we use the estimator 

PI ' - - I  

r ( W ) = ½ +  ~ p( t )+R(W) ,  (10) 
I = l  

with the remainder 

1 
R ( w )  = p ( w )  1-1<(w) ' 

p(w) (ll) 
x( W ) -  p( W_ ~ • 

In fig. 1 we show data for O = x  from our IC simula- 
tion on 643. Clearly est imatcs(10)  (dots) have con- 
verged for W~ z. In ref. [7 ] the remainder R is ne- 
glected, and we see that for a W of several z the same 
value is approached from below. The exponential 
correlation time T e x P ( W ) = -  l / l o g x ( W )  would 
clearly be hard to extrapolate. We developed a for- 
mula for the error ax(W) o f t ( W )  in (10) based on 
similar approximauons as were used m ref. [ 7 ]. Most 
importantly, the four-point autocorrelation function 
is approximated by its disconnected part. This leads 

to 

4 I ( 1 l + x ~  a : , ( w ) = ~  r 2 w - ~ + l _ x /  

xX x2Y 1 
+ (I_x)--~-- ~ + ( l - ~ - ) 4 j  , ( 1 2 )  
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Fig. 1 Autocorrelatmn times for the susceptibdlty Z of the criti- 
cal Islng model on a 643 lattice Measurements are separated by 
20 IC update steps flipping an average of ~41% of all spins 
Crosses are estimates of the exponentml autocorrelatmn t~me r ¢"p, 
dots give r '"' 'sr' '~ obtained with (10) and (12), and horizontal 
bars correspond to the method of ref [ 7 ] Errors drawn are + tr 
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where all arguments  on the RHS are W, and we 
in t roduced 

W - - I  

X ( W ) = ½ +  E P(t) 2, 
t = I  

I V -  I 

Y ( W ) = ½  Z [ P ( t ) - p ( t - 1 ) ]  z (13)  
/ = 1  

These errors are d isplayed in fig. 1 for some sample  
W values. We found them qui te  consis tent  with the 
scattering among mult iple  runs, with the osci l lat ions 
a round  the pla teau in W, and with ref. [7 ] for large 
enough W. We think, however,  that  the present  
method  makes par t icular ly  efficient use o f  given au- 
tocorre lauon da ta  up to some t ime separauon.  The 
outcomes for all our  measurements  looked quali ta-  
t ively s imilar  to fig. 1 and hence were easy to 
extrapolate.  

In two d imens ions  we chose the self-dual value 
f l=  ½ log( 1 + x / ~ )  for our simulations,  and in d = 3  we 
took f l=0 .22165 obta ined  with the Santa Barbara  
Ismg processor  [8 ]. Our  results on the magnet ic  sus- 
cept lb ih ty  and the nearest  neighbor  correlat ion E as 
well as ( in tegra ted)  autocorre la t ion  t imes are sum- 
m a n z e d  in table 1. In the last two columns we quote 
autocorre la t ion  t imes from independent  SW runs. 
They refer to the natural  umt  o f  an SW sweep, i.e. one 
passage through the latt ice generat ing a complete  
cluster decompos i t ion  and new spins on the clusters. 
For  the 1C runs we first obta ined  correlat ion t imes f 
among measurements  separated by some convenient  
fixed number  m of  I C steps [2 ]. Only after the run 
we convert  f to r ,c,  

_ m< IClcl > 
Zlc=Z La , (14)  

which refers to flips per  spin. We found the average 
CPU t~me required to produce and flip the ( typi-  
cally) large IC clusters (see ( 4 ) )  strictly propor-  
t ional  to their  average mass, and therefore r , c  is 
strictly comparable  to sweeps. Absolute  CPU times 
per spin m our reahzattons on a Cray X-MP are: 5.8 
Ixs and 8.8 p.s for IC in d = 2  and d =  3, and 6.5 las and 
7.6 las for SW with the H o s h e n - K o p e l m a n  [9] clus- 
ter algori thm. Rat ios  of  correlat ion t imes in table 1 
thus correspond to CPU times within 15%, which, 
however,  clearly depends  on detai ls  in the programs.  
In figs. 2 and 3 we see plots of  autocorre la t ion t imes 
together  with fits for the dynamical  exponents  z ac- 
cording to 

zocL". (15)  

Data  points  through which the solid lines pass have 
been used for the fits, and errors on z are purely sta- 
tistical. The small devia t ions  from l inear  behavior  in 
the log- log plot suggest that our  z-values may be 
slightly systematical ly high and should be upper  
bounds.  We realize that our z 's  for SW are somewhat  
smaller  than those quoted in ref. [ 1 ]. Since not many 
details  are given there on how these values were ob- 
ta ined we are unable to judge these discrepancms.  In 
ref. [ 10] a theoret ical  Ansatz explaining some fea- 
tures of  the SW dynamics  has been presented.  It is 
interest ing to note that  it can also accommoda te  our  
values for z. They imply, however,  a fractal d imen-  
sion o f  typical clusters, whereas SW's  own values 

Table I 
Results of cluster s,mulatlons of the crmcal Ismg model on Lalattlces. #C xs the number of simulated clusters. 

d L # C  ( X 10 -6) E x / Z  2 TE. IC I'x, IC TE.SW ~'z.SW 

2 16 1 02 0 72668(20) 0.5459(5) 1.45(1) 1.22(I) 3.31(4) 3.16(4) 
2 32 1 02 0.71684(13) 0.4592(5) I 80(1) 1.42(I) 4 13(7) 3.78(6) 
2 64 0.51 0 71199(12) 0.3860(6) 2.23(3) 1.67(3) 4.92(8) 4.32(8) 
2 128 0.54 0 70957(8) 0.3249(6) 2.69(4) 1.84(3) 6 00(8) 4.96(8) 
2 256 0 32 0.70827(6) 0.2725(8) 3.17(8) 2.00(6) 

3 16 1.28 0.34504(16) 1.373(4) 1.36(2) 1.01(2) 5.6(1) 5.5(1) 
3 24 0 86 0.33842(15) 1.354(7) 1.50(3) 1.06(2) 6.8(I) 6.6(I) 
3 32 1 28 0 33562(10) 1.344(7) 1 72(4) 1.14(3) 7 8(3) 7.4(2) 
3 48 0.96 0 33333(9) 1.333(10) 1 90(6) 1.20(4) 9 9(4) 9.4(5) 
3 64 1.47 0.33210(6) 1.298(9) 1 97(5) I 20(3) 11.2(5) 11.5(5) 
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Fig. 2. Integrated autocorrelatlon times for d= 2. 
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Fig. 3 Integrated autocorrelaUon times for d=3 

po in t  to a d i m e n s i o n  close to the geomet r i ca l  d i m e n -  

s ion o f  the under ly ing  space. 

We only m a k e  a few c o m m e n t s  on  ou r  results  for E 

and X. All e s t ima tes  o b t a i n e d  f rom bo th  IC  and  SW 

were  c o m p a t i b l e  wi th  each other .  Eq. (4 )  was a lways 

found  va l id  as a check  ~ .  In two d i m e n s i o n s  E is 

known exactly for per iodic  boundary  cond i t ions  [ 12 ], 

and  ou r  results  are  correc t  w~thln errors.  In d =  3 we 

~t Also the errors is measuring either side of (4) were the same. 
This shows that ~mproved cluster estimators are no real ad- 
vantage for the system at crttwahty. The situation is very dif- 
ferent when one measures exponentially decaying correlations 
at fimte correlation length [ 11,4 ] 

c o m p a r e d  with ref. [ 8 ] and found agreement  a2. F r o m  

X we can fit the  cri t ical  exponen t  q in 

xocL  2-"  , ( 1 6 )  

and  we get 

r / = 0 . 2 5 0 0 ( 7 )  for d = 2 ,  

= 0 . 0 3 5 ( 4 )  f o r d = 3 .  (17 )  

Th is  compares  favorably  with r /= 4 l ( d =  2, exact ) ,  and 

q va lues  in ref. [ 13 ] for  d =  3. 

To conc lude :  In the Islng m o d e l  we found  the  sin- 

gle c lus ter  ( I C )  a lgor i thm super io r  to SW upda t ing  

with  a gain that  seems to grow wi th  space d imens ion .  

Resul t s  for d =  4 wou ld  be o f  interest .  T h e  d y n a m i c a l  

e x p o n e n t  z for long-range quan t i t i e s  l ike X in d =  3 is 

ex t r eme ly  small  and  - also very  i m p o r t a n t  in prac t ice  

- the  m a g n i t u d e  is such that  we see in tegra ted  au to-  

cor re la t ion  t tmes  be tween  one  and  two only. 

T h e  a u t h o r  wou ld  like to thank  Alan  Sokal  for an 

a d v a n c e  copy o f  ref. [5] .  Hosp i t a l i ty  o f  the  D E S Y  

theory  group is acknowledged .  

~2 Although ref. [8] uses helical boundary con&ttons, we found 
the expected systematically different finite-size effects invisi- 
ble for our lattice sizes and statistical accuracy. 
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